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Abstract

In this paper, some common fixed point theorems for pairs of sub-
compatible and reciprocally continuous mappings or compatible and sub-
sequentially continuous mappings satisfying integral type are obtained.
Our results improve several results especially the results of [2], and oth-
ers.
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1 Introduction

We want list only the following needed definitions.

Definition 1 (/3/) Two self-mappings f and g of a metric space (X,d) are
called compatible if and only if

lim d(fgzn,gfzn) =0,
n—o0

whenever {x,} is a sequence in X such that lim fz, = lim gz, =t for some
X n—oo n—oo
te X.

Definition 2 ([1, 2/) Let f and g be two self-mappings of a metric space (X, d).

f and g are subcompatible if and only if there exists a sequence {x, }nen in X

such that lim fz, = lim gz, =t for somet € X and lim d(fgxn,gfx,) =0.
n—o00 n—0o0

n— oo

Definition 3 (/4]) Two self-mappings f and g of a metric space (X,d) are
called reciprocally continuous if lim fgx, = ft and lim gfz, = gt when-
n—oo n— oo

ever {x,} is a sequence such that lim fx, = lim gz, =t for somet in X.
n—roo n—oo



Definition 4 (/1, 2/) Two self-mappings f and g of a metric space (X,d) are

said to be subsequentially continuous if and only if there exists a sequence

{zn} in X such that lim fz, = lim gx, = t for some t in X and satisfy
n o0 n—oo

ry
lim fgx, = ft and lim gfz, = gt.
n—oo n—oo

Now, we state our main results.

2 A general common fixed point theorem

Theorem 5 Let f, g, h and k be four mappings of a metric space (X,d) into
itself such that the pairs (f,h) and (g, k) are subcompatible and reciprocally con-
tinuous. Let ¢ : Ry — R be a Lebesgue-integrable mapping which is summable
and let ¢ : Rﬁ_ — R4 be a real continuous function satisfying the following
condition:

p(u,u,0,0,u,u)
(1) : / Y(t)dt > 0 for u > 0.
0
If, for all x and y € X,

wéd(frl;gy)dd]ghz7ky)céd}(Lfﬂc,hr)7
(9y.ky),d(ky, fr),d(hz,gy)) B(t)dt <0, (2.1)

0

then, f, g, h and k have a unique common fixed point.
Now, we give a generalization of the above theorem.

Theorem 6 Let h, k and {fn}n=1,2,.. be mappings from a metric space (X,d)
into itself such that

(i) the pairs (fn,h) and (fn+1,k) are subcompatible and reciprocally contin-
Uous,

(i7) the inequality

@(d(frnz, frr1y),d(ha,ky),d(foz,he),
/ d(fat19,ky),d(ky, frnz),d(he, frns1y)))

0

P(t)dt <0

holds for all xz, y in X, ¥n =1,2,..., where ¢ and 1) are as in theorem 5, then,
h, k and {fn}n=1,2,.. have a unique common fized point.
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