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ABSTRACT

In this research paper, it is proved [RRN] that the variance of a discrete random variable, Z
can be expressed as a quadratic form associated with a Laplacian matrix i.e.

Variance [Z] = XT G X,
where X is the vector of values assumed by the discrete random variable and

G is the Laplacian matrix whose elements are expressed in terms of probabilities. We
formally state and prove the properties of Variance Laplacian matrix, G. Some implications of the
properties of such matrix to statistics are discussed. It is reasoned that several interesting
guadratic forms can be naturally associated with statistical measures such as the covariance of
two random variables. It is hoped that VARIANCE LAPLACIAN MATRIX G will be of significant
interest in statistical applications. The results are generalized to continuous random variables
also. It is reasoned that cross-fertilization of results from the theory of quadratic formsand
probability theory/statistics will lead to new research directions.

1. Introduction:

Structured matrices such as Toeplitz matrix naturally arise in various
application areas of Mathematics, Science and Engineering. Specifically, in Probability
Theory as well as Statistics, the autocorrelation matrix of an Auto-Regressive ( AR)
random process is a Toeplitz matrix. Auto-Regressive stochastic processes find many
applications in stochastic modeling. Motivated by practical considerations, detailed
research efforts went into understanding the properties of Toeplitz matrices ( such as
connections to orthogonal polynomials). For instance, considerable research effort
went into efficiently inverting a Toeplitz matrix ( such as Levinson-Durbin algorithm ).

In the research area of Graph theory, a structured matrix called Laplacian
naturally arises. It is defined utilizing the adjacency matrix of a graph ( which essentially
summarizes the adjacency information associated with the vertices of graph). Thus,
Graph Laplacian was subjected to detailed study and several new properties of it are
discovered. Some of these properties have graph-theoretic significance.

Effectively, researchers are interested in discovering, the connections
between concepts in Probability/ Statistics and Structured Matrices. Discrete random
variables find many applications in Statistics. Thus, a curious natural question is to see if
structured matrices are naturally associated with scalar measures of discrete random
variables, such as the moments.



2. Review of Related Literature:

In the field of mathematics, research related to
quadratic forms has long history dating back to the time of Fermat, Bhaskara and
others. Several interesting results such as the Rayliegh’s theorem were discovered and
proved. Quadratic forms have connections to such diverse areas such as topology,
differential geometry etc. To the best of our knowledge, the author discovered for the
first time that the variance of a discrete random variable can be expressed as the
quadratic form associated with a Laplacian matrix ( of probabilities ) [Rama]. This
discovery motivated the author to express other statistical/probabilistic measures as
quadratic forms. This line of research enables cross-fertiization of ideas between
probability theory/ Statistics and the theory of quadratic forms.

3. Variance of a Discrete Random Variable: Laplacian Quadratic Form:

Consider a discrete
random variable, Z with probability mass function { p,,p,, ..., py }. The variance of Z is
given by

Variance(Z) = Var(Z) = E(Z?) — (E(2))>.

Let the values assumed by the random variable Z be given by {Ty,T,, ..., Ty }. Let the
associated vector of values assumed by Z be denoted by T. Hence, we have that

N N
Var(Z) = ZTiz pi — (ZTi pi )?
i=1
N N N
= :E:T?!pl 22322371 ]plp]
i=1

i=1j=1
=T"[D-P] T
where D is a diagonal matrix whose diagonal elements are {py,p2, -, Py} and
P;j = pip; for all 1<i,j < N.
Let G =D — P. Hence, we have that
Var(Z) = T'G T.

Thus, we have shown that variance of discrete random variable Z constitutes a
quadratic form associated with the matrix G .

Note: Since T is the vector of values assumed by the random variable Z, the components of T
are necessarily distinct real numbers.

We now introduce the following well known definition:

Definition 1: A square matrix G is called a Laplacian matrix if and only if all diagonal elements
of it are all positive, all non-diagonal elements are non-positive and all the row sums are all
zero.

Now, we prove that the square matrix G is a Laplacian matrix.

Lemma 1: The square matrix G is a Laplacian matrix



Proof: From the definition of G, we readily have that

Gi= pi—pf = pi(1—p).

Also, we have that

Gij = —p;i pj for i=#j.
Further
N N=1 Gi' ZN:1
2j=1Gj = Gy + }ii] =pi(1-p) — jthi pi pj = pi(1—p) —pi(1—py) =0.
Hence, the square matrix G is a Laplacian matrix. Q.E.D.

Note: In the case of a discrete random variable which assumes countably many values, if the
variance is finite, then the associated quadratic form is based on an infinite dimensional
Laplacian matrix.

Note: It readily follows that the sum of two variance Laplacian matrices is also a Laplacian
matrix. Under some conditions on the elements of two matrices, the sum will also be a
Variance Laplacian matrix. The class of Variance Laplacian matrices of discrete random variables
forms an interesting algebraic structure.

Note: Inthe case of specific discrete random variables ( such as Bernoulli, Poisson, Binomial etc),
the associated Laplacian matrix can easily be determined. Also, if the number of values assumed
by the random variables is atmost 5, the eigenvalues of Laplacian matrix ( roots of the
associated characteristic polynomial ) can be determined by algebraic formulas ( Galois Theroy ).

Example 1: Specifically when the dimension of G is 2 (i.e. the random variable, Z is Bernoulli
random variable ), we determine its eigenvalues and eigenvectors explicitly. Let
Probability{ Z= 0} =q. Then we have that

c= [10-a —q-q)
—q(1-q) q(1-q)

The eigenvalues are{0,2 (q — q*}. The

=all-a [—11 _11]
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Note: Suppose we consider a discrete random variable Z which assumes the values {+1,-1}. In
such case, it is easy to show that

] 1 1
orthonormal basis of eigenvectors are | .When q = E,spectral radius is >

Variance(Z) =4q (1 —q).

Example 2: We now consider discrete uniform random variable whose probability mass function

11 1

—}. The Variance Laplacian associated with it is given by

is given by {N’ﬁ""’zv
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Since, the sum of absolute values of elements in every row is same, the spectral radius
Sp(G)is given by ( using well known result in linear algebra)

_ 2(N-1) _ N-1 ) -

Sp(G) = —NZ Trace(G) = N Determinant(G) = 0.

Since G is a right circulant matrix, from linear algebra, its eigenvalues as well as eigenvectors
can be explicitly determined. From basic argument, we now determine the eigenvalues of G.

G can be rewritten in the following manner:

_ N-1 1 _ _
G = ( N? ) I— Nz B, where B is a matrix with zero diagonal elements and all

the of f — diagonal elements are equal to '1'. ThusB = & e —1, where I is the
identity matrix and € is a column v ector of '1's. It readily follows that the
eigenvalues ofE are { (N —1),—-1,—-1,...,—1}. From basic linear algebra,

if 'a’is an eigenvalue of B, then the corresponding eigenvalue pof G is

N—1\ 1
“:<N2>_F“'

Thus, we infer that the eigenvalues of G are {0, %,% ) e ey %}

Now, we arrive at the spectral representation of such a structured G . Let ‘0’ be the first
eigenvalue and f; be the corresponding right eigenvector.

N N

-1 - _ _

G = szi il = ZEi , where E/s are residue matrice.
=2 i=2

ee’ | where

. = S . = _ 5 1
It is well known that ¥, E; = T i.e. identity matrix. Hence YN, E; =1 -5

e is a column vector all of whose components are ‘1.

Note: The matrix, -G constitutes a generator matrix of a finite state space Continuous Time
Markov Chain ( CTMC). Thus a discrete random variable can be associated with a CTMC. Since in
this case, the generator matrix of CTMC is symmetric, the equilibrium probability distribution is
the uniform probability mass function.

Note: Now, we show that a Discrete Time Markov Chain (DTMC) can be naturally associated
with a discrete random variable using the related Variance Laplacian G. We have that



]

G=D—-P=D(I— D 'P). Since G is Laplacian and D is non — singular,it follows that

D'Pe=Heée=e.
Hence, H is a stochastic matrix ( being non-negative and row sums are all one) which is

naturally associated with the discrete random variable.

In general, since, G is a symmetric matrix, it is completely specified by the
eigenvalues and eigenvectors.

Now, we briefly summarize few properties of G matrix that readily follow.

(i) Let € be a column vector of 1’s(ONES) ie. e=[11 ..1]"
From Lemma 1, we have that Geé = 0. Hence ‘0’ is an eigenvalue of G and the
corresponding eigenvector is é.

(ii) Since Variance [Z] is non-negative, we have that the quadratic form
TTG T =0 for all vectors T. Hence the Laplacian matrix G is a positive semi-
definite matrix. Thus, all eigenvalues of G are real and non-negative.

Now, we consider a function of the random variable Z i.e. Y = Z2.
We readily have that
Var(Y) = E(Z*) - (E(Z?%))>.
Now substituting for E(Z?%) using Var(Z), we have
Var(Y) = EZH+ (Var(Z) + (E(Z))?)>.
Hence, we conclude that Var(Z?) > (Var(Z))2.
More generally, we have that

Var(zZ?) = (Var(2) )* for any integer 1 = 2.
Thus,
the above inequality can be restated in terms of the associated quadratic forms.

We now derive an important property of G in the following Lemma.

e Property (iii):
Lemma 2: The spectral radius, fnqy (i.e. largest eigenvalue of G )is less than or equal to %

Proof: From linear algebra ( particularly matrix norms), it is well known that the spectral radius
of any square matrix A i.e. Sp(4) is bounded in the following manner:

Minimum absolute row sum (A) < Sp(A ) < Maximum absolute row sum (A ).

But, in the case of Laplacian matrix G, we have that
N
Z|Gi1’| =2 pi(1—p;) foralli.
j=1

Hence, using the above fact from linear algebra, we have that



M2 pi(1-p0).

M2 p(1 =m0

Min
i

{2p(1-p)} <Sp(G)<

Using the fact that, p;s are probabilities, we now bound

Let f(p)={2p(1—p)}= 2p,—2p? We now calculate the critical points of f(p;)
f'(pi) = 2—4p; =0. Hence p; = % is the unique critical point in feasible region.

Also,we have that "' (p;) = —4. Thus the critical point is maximum of f(p;).

Thus, f(%) = % . Hence we readily have that spectral radius of G i.e.Sp(G) <

N |-

. Q.E.D.

Note: The function f(p;) consitutes the well known logistic map whose properties were
investigated by several researchers.

Goals:

e Goal 1: In view of the above discovery related to the variance of a discrete random
variable ( i.e. Laplacian quadratic form ), we would like to discover other quadratic forms
which naturally arise in probability/statistics.

e Goal 2: Once the interesting quadratic forms are identified, the results from the theory
of quadratic forms ( for example, Rayleigh’s Theorem) are applied to statistical/
probabilistic quadratic forms. On the other hand, results related to statistical /
probabilistic quadratic forms are invoked to derive new results in the theory of
quadratic forms ( such as inequalities between quadratic forms).

e We now derive a specific inequality associated with quadratic forms based on
statistical/probabilistic quadratic forms:

Consider a vector K whose components are all positive real numbers. It readily follows
that by means of the following normalization procedure, it can be converted into a
probability vector p (i.e vector whose components are probabilities and sum to one i.e.
probability mass function of a random variable, say Z). Let the vector of values assumed
by the random variable Z be T.

K
YLK
But, we know that the variance of discrete random variable Z is non-negative. Hence

TT (diag(p) —p PT )T =0,  where diag(p) is a diagonal matrix whose
components are all the components of vector p.
It readily follows that ( on using the above normalization equation), we have the
following inequality:
a (TT (diag (K))T) = (T" (K KT )T) for all T ,K,a.

p

Q_l =i



e We now derive an interesting equality between quadratic form based on symmetric
matrices of different dimensions. This equality is derived based on the well known fact
that the variance of the random variable which sum of two different independent
random variables is the sum of their variances i.e. Suppose Z;,Z, are two independent
random variables, then

Variance( Z3) = Variance(Z, + Z,) = Variance (Z;) + Variance ( Z, ).

Let the Variance Laplacian matrices associated with discrete variables
{Z,,Z,}be G, ,G, respectively. Also, let the two discrete random variables assume the
same set of values. It is well known that the probability mass function of Z;(= Z; + Z3)
is the convolution of probability mass functions of {Z;,Z, }. Also, it readily follows that
if the vector, T of set of values assumed by random variables Z; and Z, is an Nx1
vector, then the probability mass function of Z; is a vector T of length 2N-1. Let the
variance Laplacian of Z; be G. From the above well known fact from probability theor,
It readily follows that

TTGT = TG, T+ TTG,T.
The above is an equality between two quadratic forms based on matrices of different
dimensions. Similar equality can be derived based on positive vectors.
We now state the following Theorem, useful in bounding the variance of Z.

Rayleigh’s Theorem: The local/global optimum values of a quadratic form evaluated on the unit
Euclidean hypersphere ( constraint set) are the eigenvalues and they are attained at the
corresponding eigenvectors.

Using Rayleigh’s theorem, we arrive at the following result.
Lemma 3: Variance(Z) < % (L> —norm (T))? .

Proof: Formally, if the vector of values assumed by the random variable i.e. T lies on the unit
Euclidean hypersphere, then we have that

Unin TTG T < tpmarx <=, if >—norm (T)=1.

N =

T

———— is a vector whose
L2—norm (T)

Suppose L2 —norm ( T) #1. Then, we readily have that

L? —norm is equal to one and the Rayleigh's Theorem can be applied to the
quadratic form based on it. Thus, it follows that
Umin (L2 —norm (T))? < Variance(Z) < pmax (L?> —norm (T))2.

Hence, by applying the earlier upper bound on spectral radius, we have

1 _
Variance(Z) < 2 (L? —norm (T))? . Q.E.D.



Note: The above bound on variance of a discrete random variable can be used alongwith
Chebyshev/Bienyme inequality in probability theory.

Note: We can consider a vector whose components are the finitely many eigenvalues of the
Laplacian matrix. Let it be denoted by T i.e. i = (py ty ...y )T. As in the case of any vector,
various LP — norms of such vector can be defined.

e Property (iv) : Now, we consider sum of eigenvalues of G i.e. Trace(G ).
It readily follows that
Trace(G)= L' —norm (i) = YiLipi(1-p) = X (pi —pf) =1— Xipf = Zim.
Letting p = [p1 Py ...pn 1T (i.e.vector associated with probability mass function), we have
L' —norm (ji) + L?> — norm (p) = 1.
Since, Trace( G ) is the sum of eigenvalues, we have the following obvious bounds:
N pin < Trace(G) < Ny -
Treating the matrix G as a vector, it readily follows that
L' —norm (G) = 2 Trace (G)=2(1— L? —norm (p) ).
Thus,
L' —norm (G)+ 2 (L? —norm (p)) = 2.
The following Lemma provides an interesting upper bound on Trace(G ).

Lemma 4: Let G be an NxN matrix. Then Trace(G ) has the following upper bound.
- 1
Trace(G) < (1— ﬁ).
Proof: Let {p;, p,,.., by} be the probability mass function of random variable Z.

We now apply the Lagrange-mulitpliers method to bound Z?’:lpiz . The objective function for the
optimization problem is given by

J (p1,p2, - 0n) = XN p? with the constraint that the probabilities sum to one. Hence the
Lagrangian is given by

L(pLp2,-DN) = ?]=1Pi2 + a ( Z?’:ﬂ’i—l)-
Now, we compute the critical point and the components of the Hessian matrix:

5L _ N 8%L 2 for all i 8%L
—_ = Pi a, — = or a t,
5p; ' 5p? 5p;6p;

=0 for all i #j.

Hence, there is a single critical point and the Hessian matrix is positive definite at the critical
point. Thus, we conclude that the objective function has a unique minimum and occurs at



SL -
gz 0 ie. p; = - - Using the constraint that the probabilities sum to one, we have
i
—2 . 1 .
a= N Thus, the global minimum occurs at p; = N for all "i'.

Equivalently, we have the following upper bound on Trace(G).

Trace(G) S(l—%). Q.E.D.

Corollary: We now bound the second smallest eigenvalue,u, of G. Itis clear that

Trace(G) < ( 1- %) Further (N —1)u, < Trace(G). Hence p, < % Thus, we have
1 1 1
Uy € (O'N] and pu; € [N' E] for i = 3. It also readily follows that
py + (N —2) u3 < Trace(G).
Since, u, is positive, we have the following

upper bound on u; Most generally, since the eigenvalues are non — negative,
we have the following bounds

(N —j) pjsq < Trace(G) S% for1<j<(N-1) Q.E.D.
Note: The upper bound on Trace( G ) is attained for uniform probability mass function
ie. p; = % for all i.

Note: Consider an arbitrary positive definite symmetric matrix, B with positive eigenvalues
{61,8,,...,0y }. The idea utilized in the above corollary can be used to bound the eigenvalues in
terms of Trace( B). We explicitly state the following bounds which follow from the argument
used in the above corollary

T B N§
0<6; < mce(, ) e
(N—j+1) " (N—-j+1)

for 1<j<(N-1).

The bounding idea used in the above corollary applies to an arbitrary positive semi-definite
matrix. Also, the bounding idea is easily utilized for bounding the eigenvalues of an arbitrary
negative definite/negative semi-definite matrix. It should also be noted that the Gerschgorin Disc
theorem can also be readily applied for bounding the eigenvalues.

Note: We now apply the well known inequality relating the arithmetic and geometric mean
of finitely many non-negative real numbers i.e. { x; }}*; to bound the trace of a positive

definite ( positive semi — definite ) matrix. The inequality is given by

N
i—1Xi — = =
—Zl;\; L = N,/xlxz XN with equality l’ and only X1 =Xy = .= XN -



Thus, in the case of a positive definite matrix, A, we have that

Trace(A)

N > Jaq1az3 ... Ay where aj;s are diagonal elements of A.

Hence, in the case of variance Laplacian matrix G, we have that

Trace(G) B >N pi(1—p)
N N

= I\(/P1 WDl —p1) .. (1 —py) .

Note: The quantity in the brackets on the right hand side of the above inequality can be
associated with any probability mass function and can be readily provided with probabilistic
interpretation ( using repeated trials ). It can readily shown using Lagrange multiplier’s method
that the quantity is maximized for uniform probability mass function ( i.e. the probability mass
function with maximum Shannon entropy ). Such a measure can be denoted by

M(p1, Pz, s PN )
It can be readily seen that for N=2, M(p,, p;) = 2(p1p, ) and

for N=3, M(p1,p2,p3) = p1(P2 + p3) P2(P3 + P1)P3(P1 + p2) i.e. homogenous polynomial of
degree '6' in the variables p,,p,,ps. For arbitrary N, it readily follows that

M(p,q, D2y pn ) is homegenous multi — variate polynomial of degree 2N
in p;,p02,..,0y - It is a scalar measure associated with the probability mass function.

Since gy is the spectral radius of G, we have that

N 1 max
% > N/pyon NA—pp) . (1 —py).

Thus, we have that f,qx _NL (\/P1 -y (A —py) . .(1-pn)).

In the above equation, equality is attained for the uniform probabaility mass function i.e.

1 .
p; = N for all i.

Hmax

Note: The finite condition number of Laplacian matrix G is defined as , where Uy, is

min
the smallest non-zero eigenvalue of G and p,,4, is the spectral radius of G. Using the content
of Lemma 2 and above corollary, the following lower bound on finite condition number of G

follows:

as Hmex > o N Pmin(1 — Pmin ), Where

Hmin

Pmin 1S the minimum of all the probabilities in the PMF of random variable Z.

e Connections to Statistical Mechanics:

Note: The expression for Trace( G ) has familiar relationship to Tsallis Entropy concept from
statistical mechanics. We have the following Definition:



Definition: Tsallis entropy of a probability mass function {p;, p,,.., py } is defined as

N
k
Sq) = qu <1 — pr>, where 'k’ is Boltzmann constant and q is real number.

i=1

We can express S,(p) in the following form for integer values of ‘q’:

N
(pr+pz+ - +p8)1— ZP?]-
i=1

S5 = —
qp _q—l

Thus, using multinomial theorem,RHS can be expressed as a multivariate polynomial in p;s.

e We now explore the algebraic structure of Tsallis entropy, Sq(ﬁ)for integer values of 4q’.
Thus

) f N . . N N . f N o
Sq@) = =1 (1— Zpi> = 7-1 <;Pi—ZPi>=ﬁ (;Pi(l—l’i ))-

=1 1=

Using the expression for sum of a geometric sequence, we have that

N N

S (p) = k q-1 _ k 2 q-2

q(P)—qu pi(l—p; ) =71 pi(1—=p)(A +pi+pi +-.+p; -
i=1 i=1

We let S;(p) = YN  h(p;), where the polynomial h(p;) has zeroes at '0’, 1’,
(g —2)"" roots of unity.
We, also readily have that

e Trace(G)= k S,(p), where p specifies the probability mass function.
In view of this result, other coefficients of the characteristic polynomial can
be interpreted as entropy type functions.

e We now associate an interesting matrix denoted by G,whose Trace is

N N
~ k k -
Trace(G):qu (1— ZP?) “7-1 <Zpi(l—Pi)(1+Pi+pi2+--~.+pf 2)).
i=1

i=1
We let 0; = pl-(l +p; +p?+ -~-.+piq_2) and let 6‘; = —kp;0; fori+#j and
G, =k pi(l —piq_l). It can be readily verified that G has desired Trace value which
equals the Tsallis entropy S,(p) for integer 'q’. Interestingly G can be provided
with probabilistic interpretation like variance Laplacian matrix G . As in the case
of G, the properties of eigenvalues, eigenvectors of G can be readily investigated along
the same lines asin the case of G.

e From the earlier discussion, we have that k S,(p) =N M(py, P2, PN )
where M(p) is an entropy — like measure associated with the PMF.



e [In the spirit of Lemma 4, it can easily be proved that Tsallis entropy for

arbitrary real parameter 'q' assumes maximum possible value for uniform PMF

1
i.e p; = N for all 1 <i < N. Details are avoided for brevity.

Now, we derive the following interesting result where we setk =1. :

Lim
N — ©

lemma 5: " (S,(P)HN =

N > oo ( Trace(G) )N < % . It will be an equality if and only

if the probability mass function corresponds to a uniform PMF i.e. p; = % for all i.

Proof: From Lemma (4), we have that Trace(G) < (1 - %) with equality if and only if

1
Pi=y for all i i.e. uniform Probability Mass Function (PMF).

From the above discussion, we have that with k = 1, Trace(G ) = S,(p).

Thus, we readily infer that

( Trace(G))N < ( 1-— %)N

Taking the limit on both sides, we have

N — o - N - o

. , N
Lim ( Trace(G))N < Lim (1 — l) .

But, from basic calculus, we know that

Lim (1_ 1)”= 1
N - o N e’
Thus, claim in the Lemma follows with equality for uniform Probability Mass Function (PMF).

We also readily have that

Lim (Ll —norm (G_)>N

1
< —
e

N - oo 5 with equality if and only if

the probability mass function is a uniform PMF. Q.E.D.

The following corollary is a generalization and readily follows
Lim —\\N 1

Corollary: ' (S,®) < e=yE

Note: We now provide the probabilistic interpretation of claim in Lemma 5. Let X, Y be
independent random variables assuming the values {1, 2, ..., N}. We have that

Trace(G )= Z?Llpi(l—pi) = Z?;l Prob{X=i,Y # i} = Prob{X#Y}= S,(p).



Now, M such independent “pairs of trials” are performed and the following probability is
computed

Thus,

Lim o = L™ (prob{x =y })M.

M - o M — o
X, Y can correspond two independent trials ( assuming values {1, 2, 3,..., N }).
e Entropic Quadratic and Higher Degree Forms:

We now express S,(p) in an equivalent
form and show the relationship to a quadratic form. We have that

N N
N
S;@)=| (pr+p2+ - +py)* - ZPE‘ = ;;ij_
=1 i#j
= p'Rp,
where R is a symmetric matrix all of whose diagonal elements are zero and the
off-diagonal elements are all equal to ONE. Also, it readily follows that
(i) R = eeT — 1, where € is a column vector all of whose elements are 1
and [ is the identity matrix. Hence, the eigenvalues of R are
{(N-1), -1,-1,..,-1} i.e. R is an indefinite matrix with -1 is an eigenvalue of

multiplicity (N-1).

e Similar interpretation of S;(p) as a higher degree form based on a tensor can be
readily given. It is avoided for brevity.

e We are naturally led to the following discussion:
Entropic measures such as Shannon
entropy, Tsallis entropy satisfy the following conditions ( axioms ):

AXIOM (i): For all probability vectors, one of whose elements is one and all other
elements are zero ( i..e there are N such vectors), the Shannon and
Tsallis entropies are equal to zeroi.e. For such probability vectorsi.e. p's,
S,(») =0.
AXIOM (ii): For probability vector, all of whose elements are equal to %, Shannon

entropy as well as Tsallis entropy assume the maximum value i.e. Those
entropies attain maximum value for the uniform probability mass function.

Specifically Shannon entropy attains the value log N and Tsallis entropy

attains the value 1 —% for uniform PMF.



AXIOM (iii): For all probability vectors, the entropic quadratic form is non-negative.

NlogN

Note: By multiplying the matrix R by the scaling factor , it can be ensured

that the dynamic range of Shannon entropy as well as Tsallis entropy S,(p) are
same.
It is highly reasonable that the above three conditions/axioms must be
satisfied by any reasonable entropy measure. Thus, we are led to the following
problem.

e PROBLEM: Provide complete characterization of entropic quadratic forms i.e.
specify the class of matrices R’s for which the quadratic forms pTR p ‘s satisfy
the above three conditions/axioms.

We now provide a partial solution to the above problem. Let us consider a non-
negative matrix, A all of whose diagonal elements are zero. It readily follows that
for the axiom (i) to be satisfied, it is necessary and sufficient the diagonal
elements of matrix defining the quadratic form must all be zero. This result
follows from the fact that for any probability vector one of whose elements is
one and all the others are zero, the associated quadratic form becomes equal to
the diagonal element of the defining symmetrix matrix. Also, from simple
arithmetic argument, the above axiom (ii) is satisfied at the probability vector

11 1 . . . .
(ﬁ,ﬁ,...,ﬁ). Thus, any such non-negative matrix leads to an Entropic Quadratic
Form.

e Hence, it now remains to see if there are any matrices with positive as well as
negative elements ( with zero diagonal elements) and the quadratic form
associated with such matrices satisfies the axiom (ii) also.

In view of the above point, we are naturally led to the following
Lemma.

Lemma 6: There is no symmetrix matrix, other than R or scaled versions of it
(i.e. with all diagonal elements being zero and all the off-diagonal elements being
equal to a constant value ) with & (i.e. a column vector all of whose elements
are ‘1’), as an eigenvector

Proof: We first consider the case where N, the dimension of matrix defining the
quadratic form is 2. In this, in view of axiom (i), axiom (ii), axiom (iii), the
defining matrix is of the form

[g g] with a being positive. Thus, the claim is true. In the case of S,(p),

a = 1. Any real number a will also lead to entropic quadratic form satisfying the
three axioms.



Now,we consider N = 3. Let the defining symmetric matrix be

0 a b
a 0 c| for real numbers, a,b,c.
b ¢ O

Case(i): Suppose a+b =a+c i.e. first two row sums are equal. Hence b = c.
Now further suppose b+ c =a+b. Inthis a =c. Thus claim is true.
Case (ii): Suppose a+ b # a + c. In this case also, the claim is true.

For N>3, the proof follows by constructing the symmetric matrix incrementally
ensuring that the row sum is constant. Also, another proof by mathematical induction can be
readily provided. Q.E.D.

Note:

The above arguments can be generalized for tensor based higher degree forms that
satisfy the above three axioms expected of an entropy measure.

e Probabilistic Interpretation of Tsallis Entropy for Integer Valued Parameter ‘q’:

The following probabilistic interpretation follows from a generalization of
the probabilistic interpretation of diagonal elements of Variance Laplacian matrix G. Specifically
consider 'q’ independent identically distributed random variables i.e.X;,X, o, Xg

and N = q. Consider the following quantity:

q q N
ZProb(Xl =i)(1—Prob( X, =i,Xs=1,..,X;=10)) = Zpi 1-pf™H= (1 —~ Zp?)
i=1 i=1 i=1

q—1

= Sq@).

The above interpretation can also be given in terms of arbitrary independent trials.

Note: As in the case of q = 2, for arbitrary integer q, we can associate a matrix G
such that Trace(G) = Sq(G) with k = 1. Details are avoided for brevity.

Note: It readily follows that Trace(G) is the DC/constant contribution to the variance
Laplacian based quadratic form evaluated on the unit hypercube ( i.e. set of all vectors whose
components are +1 or -1). We readily have that

TTG T = Trace(G)+ terms dependent on T .

It is exactly equal to the scaled Tsallis entropy, k S,(p ) associated with the probability mass
function of the discrete random variable.

e Relationship between Renyi Entropy and Tsallis Entropy:
We now reason that Renyii
entropy is approximated by Tsallis Entropy under some conditions.



Definition: Renyi entropy (of a discrete random variable X) of order'a’, where a =0 and

a # 1 is defined as

N N
1 1
moo = g e Yot )= a1 (1- Y0t ).
i=1

i=1

Letting YN, p¥ = r, we have that H,(X) :ﬁ log (1—1).

But from the basic theory of infinite series [Kno], we have that

2 T3

log(l—7r)= —r+ 7—?+ for |r| < 1.

We consider non-degenerate probability mass functions. For such PMF’s it readily follows that
for a 21, 0 <r < 1. Thus, if we truncate the infinite series for log(1—171), we have that

log(1l—1) = —r for |r| < 1.

Hence, it readily follows that with such approximation, we have

1 = 1 u
Ho(X) ~ m(‘ <1—ZP{X)) = 2-1 (1_i=1pia> = Sq(P),  where

i=1

S,(P) is Tsallis entropy with 'a’ is the real parameter.

!

Now, we bound the error term in approximating log(1 —r) by —1r'. The error term is

r? r3+r4 r° B 2(1 r)+ 4(1 r)_l_ h Il < 1
> 3 2 e = r 573 r 17T . with |r| .

Thus, the error term can be bounded by the following geometric series i.e.

T2

1—72

rl4rt4 b=

Note: The above approach of approximating entropy ( such as Shannon Entropy) was first
proposed in [Rama2]. Specfically Shannon Entropy is approximated by Tsallis Entropy for a linear
approximation i.e. log(1—1r) = —r for |r| < 1. It is shown that higher order
approximations are different from Tsallis entropy except in the case of approximation.

2
r
logl—r)= —-r+ ) for |r| < 1.

The higher order polynomial approximation of log(1 —r) leads to interesting entropy functions.
We are currently deriving those polynomials approximating Renyi entropy.

Note: We can consider higher order approximations in association with log(1 —r) and arrive at
better approximations of Renyi entropy of order ‘a’. We now consider second order
approximation:



2
r
logl—r)= —-r+ 0} for |r| < 1.

Using this approximation, we have that

HoO) ~ —— ( 1+Zpl> +3 ( —ipf‘)

Expanding (1 Zl 1pf‘)2 and simplifying, we have that

1 N N
Ho(X) = 20a=1 1—221’??;{

i=1j=1

It can also be rewritten as

In the above expression, multinomial theorem can be used for further simplification.

Simplifying the above, we have that

N N
() > —— 1—i(pk)2“— ZZPEZ pf

2(a—1)

Using the definition of Tsallis entropy, we have

N N
N (Za - 1) _ 1 pla p‘.x
Ho(X) = m S2a(P) — m ; Z J

We now obtain an equivalent expression for Renyi Entropy. Letting t; = p{¥, we arrive at the
vector £ = (t; tz---ty)7. In terms of that vector, the following approximation based on
quadratic form is readily obtained

H,(X)~ —— (1—-tT'BYt), where B = éel with e, a column vector of 1's.

2(d—1)

e Now, we consider a specific value of a i.e. @ = 2 and arrive at an expression for
approximating the Renyi entropy:

oo 3((3n) -3,

i=1j=

Initial simplification of the above expression leads to



[EnN

N N
~ = _ = Zzpipj
Hy(X) = 5 S;(@) (1=5,(P)) + £us
i=1j=1
P+
On further simplification, we arrive at the following approximation for H,(X) in terms of
Tsallis entropy S,(p) .

1
LW~ ($0) - 5 (50)?).

Note: Entropic functions are associated with a probability mass function. We are naturally led to
the idea of associating a single probability value with a probability mass function. The following
discussion proposes one such approach.

e Single Probability Representing a Probability Mass Function: Renyi Entropy:
From the above discussion, for & #+ 1, we have that

1 -
Ho() = — log Y pff )
i=1

Denoting the L% — norm of the probability vector p= (p; Pz ....pn )T by |||l we have
that ( We consider integer values of a>1, where ever required in the following)

a
H,(X) = - log(||P]le) - Equivalently, we have that
1
H,(X) = log(—a). Hence
(1Plla)a=1

a
e Ha® = (]|p||;)a-1.
Now, we consider the sigmoidal function i.e. Sigmoid(y) = ﬁ It readily follows
that
2 Sigmoid(y) — 1 represents a probability i.e. value lies between '0'and '1’.

Thus, given any probability mass function i.e.vector p = (p; Pp ....Pn )7,

1
Sigmoid(Hy(X)) = ——— .
1+ (1pllg)e-1
Hence, in view of above discussion, the following quantity correspond to

a probability value associated with the PMF.
_ @

1= (llplla)et

—_—

1+ (lIplle)e-1

From the above expression, the probability value representing a degenerate PMF as well as
Uniform PMF can be readily calculated.

2 Sigmoid(Ha(X)) -1 =



In the following lemma, we derive interesting results
related to Zl 1pl Specifically, the set of inequalities can have interesting consequences for
Tsallis entropy as wells as LP —norms of vectors whose elements are non — negative

real numbers .

Lemma 7: Consider probability mass function {p;, p,,.., py }. The following inequalities hold
true:
N N
Zpizm+1 SZp}"“ for all integer 'm. But
i=1 i=1
N N
Dz () for all 'm . Hence Sy () < 2m(l—( Zp’"“ )2>
i=1 i=1

Furthermore,

Proof: Since p;s are probabilities, we readily have that p2™*t < p™*1 for any integer 'm.
Thus,

N N
Epl?m“ SZpim“ for all integer 'm.

i=1 i=1

Now, consider a random variable Z which assume the values {p",p3', ..,pN'} i.e. values
assumed are higher integer powers of the probabilities in the associated PMF. We know that
the variance of Z is non-negative.

Variance(Z) = Var(Z) = E(Z?) - (E(Z))? = 0.

Thus, it readily follows that E(Z?) > (E(Z))? and hence

N N
Epizm“ > ( Zp{”“ )2 for all 'm'.
i=1 i=1

Thus, effectively we have that

N

N
PRtz ) pEmtz () ph)? for allm
i=1

i=1

i

Thus effectively Sypmiq (D) < —( 1- ( Z pth) )or equivalently



m
52m+1 (ﬁ) = ( Sm+1(ﬁ) - ﬁ ( Sm+1(ﬁ) )2 ) .

y

N
Zpizm ) Hence
=1
N N 2 1 N
prm“ < (Z p{”“) +3 (ZpizmH > Q.E.D.
i=1 i=1 i=1

Corollary 1: Suppose the random variable Z assumes probability values g;s different from p;s.

Using Lemma 3, we have that

Variance(Z) < (L —norm (T))? =

N| -
N[~

Then, using the fact that Variance of Z is non-negative, we have the following

N
(Z qip; )*.
i=1

It should be noted that both sides of inequality are convex combinations of real numbers.

inequality

aipi =

N| =

-

=1

Also, using Lemma 3, we have that

N N N

2 2 1 2
ZQi pi < (qui) t3 Zqi Q.E.D.
i=1 i=1 1

i=
Note: The result in Lemma 7 can be restated in terms of LP —norms of probability vectors

i.e. vectors (p ) whose elements are probabilities that add upto one. Specifically, we have
that

m+1 2m+2

([2m+t - norm(ﬁ))z > (L™ — norm(p))

We also, have that

m+2

1
(121 — norm(ﬁ))zmﬂ < (U - norm(ﬁ))z +5 (L2m— norm(ﬁ))zm.

Since vectors whose elements are non-negative real numbers can always be normalized ( by
the sum of their elements) to arrive at probability vectors, the above lemma leads to
interesting inequaity between LP —mnorms of such vectors.

Note: In terms of the Laplacian matrix G, the above Lemma based inequality can be restated.
Let T = [p™ pP*..pN] for a fixed integer 'm. We readily have that G =D — P and

Variance(Z) > 0. Hence we have that T'T DT >TTP T.

Such a type of inequality can also be associated with positive real numbers which can be
normalized into probabilities ( using their sum ). Details are avoided for brevity.



, 1 .
Note: Suppose the values assumed by the random variable are {p_m , W""'W}' then using
1 2 N

the idea in the above proof, we have that

=
=

=g =P

In the above inequalities, the probabilities can be rational numbers less than one. Hence the
above inequalities hold true between rational numbers.

e Comparision with Cauchy-Schwarz Inequality:
Now, we consider a function g(.) of the discrete random variable X i.e. Y = g(X), where Y is
also a discrete random variable. We readily have that
Var(Y) = E(Y?)— (E(Y))?>0.

Thus, from basic probability theory, we have that

E(Y?) = Zgizpi and E(Y) = Egi p; where g;s are the values assumed by Y.

i=1 i=1
From the above, we have that

iglzpz Z(Zglpl ) :

i=1

But from Cauchy-Schwarz inequality ( applied to the vectors g, p ), we have that

(Zem) =(2#)(E7)

i=1 i=1

We now reason that our inequality ( based on the fact that Var(Z) = 0) is tighter than the
above inequality provided by the Cauchy-Schwarz inequality. From Lemma 4, we readily have

1
p? 2 with equality for uniform PMF i.e. p; = N for all "i'. Thus

(ig?xil’?) Zig?m -

i=1

Mz

~
1l
[

A more direct way to reason the above inequality is by the following fact:

(Z ) zgl (Zl 177)



Note: Inview of the above result, a tighter inequality than Cauchy-Schwarz is obtained when
vector g is arbitrary, but vector p is a probability vector ( It should be noted that vectors
with positive components can be normalized to arraive at probability vectors. For such positive
vectors, the above inequality can be suitably modified)

Also, using the Cauchy Schwarz inequality, the following inequality readily follows:

(&) = (2)(E)

i=1

More generally,

N 2 N N
(Z gf’m) < (2 9 q) <Z p?) for any integer 'q’.
i=1

i=1 i=1
Note: In the spirit of above lemma, inequalities in probability theory ( such as Var(Z )= 0)
lead to new inequalities associated with real numbers. For instance, the following is the
statement of Jensen inequality: Let

¢(.) be a convex function and X be a real valued random variable. Then,
we have that PlEX)]<E[oX)].

It is well known that @(x) = x?™ is a convex function for any integer 'm.

N 2m N
(291’ p; ) < Zg?m pi.
i=1 i=1

Now, suppose we let g; = pf for any integer | > 1.

N 2m N
(Z PlHl) < (Zpizlm“) for integers 'l' and 'm’.
i=1 i=1

e Now, we consider continuous random variable and derive the continuous version of
Lemma 7. As in the discrete case, the following inequality can readily be used to
derive interesting inequalities associated with Tsallis entropy of continuous random
variable. Details are avoided for brevity.

Lemma 8: Consider a continuous random variable X with probability density function fy(x). The
following inequality holds true:

+00 +oo

2
it (x) dx > for an integer m.

I (x) dx > ( f

— 00 —00

Proof: Consider a new random variable Y which is a function g(.) of the random variable Xi.e.
Y =g(X).

We readily have that Variance(Y) = E(Y?) — (E(Y))? =Var(Y) = 0.



From basic probability tbeory, we have that

+00

E(g(0) = f 900 fx (o) dx.

Hence

+00 +00 2
[IRESCEE ( [ g 5 dx> |

In the above inequality, the right hand side involves inner product of the arbitrary function
g(x) and the probability density function fx(x). Now let g(x) = fy"(x)

for an arbitrary integer m. Thus, substituting for g(x), the above inequality leads to

+00 +00 2
| prieo ax = ( | arieo ax ) .
Also, if the probability density fx(x) is bounded by one, we have the following sandwitch
inequality

2

2™ (%) dx 2< f ) ax ) Q.E.D.

+00

+00
[ mowar = |
—00 —oco
Note: It is clear that the above inequality can be generalized to non-negative functions which

are integrable i.e. functions belong to the class L'(R), where R is the set of real numbers. For

instance h(x) be such a function with f_+:)° h(x) dx = S. Then the inequality becomes

+00 +00 2
Sf h2M™+1(x) dx > (f h™*t1(x) dx ) .

Further, if 0 < h(x) <1 for all x, then we have that

+ oo + 00

+00 2
sm+1 f h™*t(x) dx =S h2m*1 (x) dx 2( h™*1(x) dx ) .

—00 — 00

The above sandwitch inequality can be easily restated in terms of LP — norms.

Note: As in the case of discrete random variables, the inequality provided by above Lemma is
tighter than the one provided by the Cauchy-Schwarz inequality for functions. Detailed derivation
is avoided for brevity.

Now, we compute the Trace( G?) ( in the same spirit of Trace(G))
and briefly study its properties. It readily follows that, treating G as a vector, we have that

N
Trace(G?) = (L> —norm (G))? = Zulz =(L?> —norm (j1))>.
i=1



i.e. treating the set of eigenvalues leading to eigenvalue vector, Trace( G?) is the square of
L? — norm of such vector ( of eigenvalues, the smallest of which is zero). Also, from the
theory of matrix norms, the L> —norm of a matrix is related to the spectral radius. We have

N N
~ L ZZPZPZ
Trace( G?) = Zpi (1- pi)2+i=1j=1 e
=t i+
§V=1Pi2 ?]=129]2 + Zi\élZﬁ-V:lpizpf
i P %

N N N
2,)2
=2 sz’f = Z“iz ( with ppmin =0 ).

i=1j=1
i=1

Hence, Trace( G?) is divisible by 2. Using the definition of Tsallis entropy S,(% ), it can be
readily seen that

. 1o, 23
Trace(6%) =2 | = (52612 —% 5:(0)) +5 () |

Letting [p? p?...p5] = V7T, we have that
Trace(G*) = VTRV,
where R is a symmetric matrix all of whose diagonal elements are zero and the

off-diagonal elements are all equal to ONE. Also, it readily follows that

R = eel —1, where € is a column vector all of whose elements are 1
and [ is the identity matrix. Hence, the eigenvalues of R are

{(N-1), -1,-1,..,-1} i.e. R is an indefinite matrix with -1 is an eigenvalue of multiplicity (N-1).

e In view of above result on Trace( G?) and the earlier discussion on entropic quadratic
and higher degree forms, we introduce the concept of GENERALIZED ENTROPIC FORMS.
Let V(m) = [p**! p* .pi*t] for m = 0. We realize that V(0) = p, vector of
probabilities. Also, V(1) = V, as defined above. Further,let us define generalized
entropic forms S,,(p) by considering the quadratic forms in the vectors
V(m) for m>0. i.e.

Smn@®@® =VT(m)R V(m) for m = 0.

We investigate properties of such generalized entropic forms.
It readily follows that

So(®) = Sy(p) = Trace(G ) i.e Tsallis entropy for q = 2.
Also



2 5,(p) = Trace( G?).
We now determine an lower bound on Trace( G?).
e Now, we derive interesting property related to the eigenvectors of G.

Lemma 9: Let G be an NxN matrix. Then Trace(G?) has the following lower bound.

Trace( G?) > —— Z(N 1)

Proof: We apply Lagrange Multiplier's method to bound

N

Trace(G?) = 2 Zip p ip

i=1j=1 k=1

Thus the objective function for the optimization problem is given by

J (P02, b)) = 2 iip p; Zpé

i=1 J:]_ k=1

Using the constraint that the probabilities sum upto one, we have that the Lagrangian is
given by

L(p1pz,pn) = 2[ T X apfpf — Zheape | + B(Zipi-1).

The critical point and the components of Hessian matrix are given by:

N N
oL 2 62L 2
— = |4 Epk P)+B |, = =4 Zpk for all 'i",
op; k=1 D =1
k#i k+i
O L foralliv]
=0 for all i #]j.
8p;6p;

Thus, there is a single critical point and the Hessian matrix is positive definite at the critical
point. Hence, we infer that the objective function has a unique minimum and occurs at

6L -
—=01iep = % Using the constraint that the probabilities sum to one,
p; 4( k=1pk)
k=+i
we have
_4< g:lpi) 1
B = % Thus, the global minimum occurs at p; = N for all i’

Trace( G?) at the unique minimum point is given by

2(N — 1)

Trace(G?) = B

Q.E.D.



Corollary: Using the above lower bound on Trace( G?), we lower bound the

spectral radius of G i.e. (N —1) 2,4, = 2(1;\11;1) . Thus fpmax = %\/% Q.E.D.

e Now, we derive interesting property related to the eigenvectors of G .

Lemma 10: The right eigenvectors % ( whose transpose are the left eigenvectors) of
the variance Laplacian G that are different from the all-ones vector ( i.e. & which lies
in the right null space of G ) are such that they lie in the null space of matrix of all
ones, S i.e. S;; =1 for all i,j.

Proof: Since G is a symmetric matrix, the set of eigenvectors forms an orthonormal
basis. Also, the eigenvector corresponding to the ZERO eigenvalue of G is the column vector of
all ONES. Hence, we readily have the following fact:

gre =0 for all i. Thus, the components of all other eigenvectors sum to zero.

Also, it readily follows that g7S g =0. Since S is a rank one matrix with the only non —
zero eigenvalue being 'N' (with & being the associated eigenvector), all the vectors % lie
in the null space of § ( in fact they form the basis of the null space of S ).

Hence, L' —norm (g;) is divisible by 2 for all eigenvectors g's.
Also, let g be an eigenvector of G, other than all ones vectori.e.eé. We have that
N N
(Z gi)? = Zglz + 2 ( pairwise product of distinct components of g) = 0.
i=1 i=1
Hence, it follows that g7S g = —1, where S is a matrix all of whose diagonal elements

are zero and all the non-diagonal elements are 1.

Since L2 —norm of g is ONE, it readily follows that
pairwise product of distinct components of g = —% . Q.E.D.

Similar result can be derived based on the LP —norm of g . Details are avoided for brevity.

We now propose an interesting orthonormal basis which satisfies all the properties required
of the set of eigenvectors of an arbitrary Laplacian matrix.

Definition: Hadamard basis ( orthonormal ) is the normalized set of rows/columns of a symmetric

Hadamard matrix, H,,. For instance, it is well known that H, = [1 _11] Hence the Hadamard
EN N
basis is given by \/12 , \_/i

V2| V2



Note: Two {+1, -1} vectors are orthogonal if and only if the number of +1’s is equal to the
number of -1's. Such vectors exist if and only if the dimension of vectors is an even number.
Further the sum of elements in such vectors is zero ( as required by the eigen vectors of an
arbitrary Laplacian matrix which is not necessarily a variance Laplacian matrix ).

Note: In view of Rayleigh’s Theorem, if the orthonormal basis of eigenvectors of a Variance
Laplacian G is the Hadamard basis, then the global maximum value of associated quadratic form
evaluated on the unit hypercube is attained at the eigenvector corresponding to its spectral
radius.

e Spectral Representation of Symmetric Laplacian Matrix G :
We now arrive at the

spectral representation of variance Laplacian matrix G i.e.
N

G = PDPT = Zui fi fi¥ where u}s are eigenvalues wih u; =0 and f; are
i=2
Normalized eigenvectors of G . It should be noted that the column vector of ALL ONEs

i.e. €= (1 1.. 1) is an eigenvector corresponding to the zero eigenvalue and

1 -, . . ;
Ty € is the associated normalized eigenvector.

We know that G is completely
specified by the probability mass function of the associated discrete random variable
i.e.{p1, p2,.-, Pn }- Hence we have that

N
Z'“ifii = p; (1- pj) for 1<j <N (i.e.diagonal elements of G ).
i=2

Also, we have that
SN ol fufim = —Dwm for l¥mand 1<I<N,1<m<N ie
( off diagonal elements of G ).

The orthogonal matrix P is of the following form:

- 1 -
\/_N far fur o fma
1

W faz fz2 o fa2
1

W f23 f33 fN3

1 o fin o fun
L VN |

Since, we have that PPT = PTP =1, the L? —norm of rows, column vectors of P is one.

The residue matricesi.e.E; = f; f{ are such that



N N

_ — _ N-1 1

E; = L HenceZEi = @ with Q; = N for all i and Q;j = — N for i=#j.
=1 i

=2

i

It follows that Q & =0, where & is a column vector of all ones and Q is Laplacian .

Also, we readily have that

N N
N-1 1
Zfﬁ: N and fizfimZ—N forl#mand 1<I<N,1<m<N.
=2 i=2

Note: In the spirit of properties of Laplacian G, we can derive new results related to Graph
Laplacian. Thus new results in spectral graph theory can be readily derived.

e Abstract Vector Space of Random Variables:

Consider a collection of discrete random
variables. All of them assume same values. Specifically consider two random variables
X, Y. From research literature [PaP], E (XY) (i.e. expected value of their product) can be
regarded as an inner product between the random variables { X, Y } (regarded as abstract
vectors ). Suppose T be the set of values assumed by the random variables X, Y. It
readily follows that

E(XY)= TTP T, where P can be considered as a symmetric matrix.

Using Dirac notion E(XY)=<T,PT >.
It readily follows that the inner product E(XY) is zero i.e. the associated random
variables are ORTHOGONAL if T lies in the null space of the symmetric matrix P. Thus,
the null space of matrix P determines the space of orthogonal random variables.

e Connections to Stochastic Processes:

Let us first consider a discrete time, discrete state
space stochastic process i.e. a countable collection of discrete random variables. In view
of tha above results, the variance values of random variables constitute a sequence of
quadratic forms. Thus, the sequence of scalar variance values constitute an infinite
sequence of real/complex numbers. We consider the following special cases:

()] Consider the case where the random process is a strict sense stationary random
process. Hence, the sequence of variance values (i.e. the associated quadratic
forms ) form a constant sequence ( DC sequence ).

(1) Consider the case where the random process constitutes a homogeneous
Discrete Time Markov Chain (DTMC). Since such a process exhibits an
equilibrium bahviour, the sequence of variance values of the discrete random
variables ( i.e. associated quadratic forms ) converges to an equilibrium variance
value ( based on the equilibrium probability mass function ).



e Unit Random Process: Connection to Verhulst Dynamical System:

Now, we consider a UNIT Random Process ( i.e. state, X(n) of the random process assumes
{+1,-1} values only) whose marginal Probability Mass Function ( PMF ) is of the form
{g(n),1—q(n)} ie. time-varying PMF depends on the time evoluation of probability q(n).
Let the evolution of g(n) be given by

gn+1)= aqgn)(1—-—qgn)), where a € [0, 4].
The above dynamics is same as that of a Verhulst dynamical system. Hence we
can utilize the known results for Verhulst dynamical system. Thus,it readily follows that
for a €[0,3],

a—11
the marginal PMF converges to the equilibrium PMF of { 2 2 } Also, for

a € (3,4], the PMF exhibits oscillatory behavior or chaotic behavior.

In the case of such UNIT RANDOM Process, the Variance Laplacian is given by

qm)(1—qm) —qgm(1-q®))
—-qm)(A—-—qn)) qn)(A-qM0n))

It also immediately follows that Trace(@(n)) =2 q(n)(l — q(n)) and

G(n) =

Variance((X(n)) = 4 q(n)(1 — q(n)). Thus, for a € [0,3], the equilibrium value of Variance of
(a-1)
az '

the UNIT random process is given by 4

Note: The unit random process considered exhibits Markovian property. But, the time
evolution of marginal PMF is non-linear. Under some conditions such a stochastic dynamical
system exhibits steady state/ equilibrium behavior.

Note: In view of algebraic interpretation of S;(p) for integer valued q, we define the
following Generalized Verhulst type dynamical system: Generalized Logistic Map
x(n+1) = ax(n)(1-xn)) (1 +x(n) + x2(n) + -+ xl(n)) for an integer l with x(n) >0
We are currently investigating the dynamics of such a Generalized Verhulst dynamical system.
We now provide some related results. The generalized logistic map is given by

fO)= ay (1 —yl) for'l" an integer. From basis calculus, it follows that the global maximum

l
of f(.) occurs at y = l/% Thus, for f(y) <1, we require that a € (O,%).

It can be readily verified that the above generalized logistic map reduces the ordinary logistic
map forl=1.

e Functional Logistic Map: Sigmoid Function:



We now introduce the following
generalization of logistic map. The basis for the generalization is the following function of
interest in artificial neural networks ( called SIGMOID function ).

SIGMOID(z) = 1T ez = f(2). It readily follows that
df(z) _
= @A),

From the theory of ordinary non-linear differential equations, it could be reason that the above
differential equation has a unique solution. We are naturally led to the following generalization:

df(z)
dz

= aota f@+ a;(f@))? +-+au(f(2))",  where

gy) =ag+a;y+ a; y*+ -+ ayyM is a polynomial such that g(1) = 0.

Thus, we are led to the following definition:
Definition: A functional logistic map based on the function f(z) is defined as

g(f(z)) = b f(z) (1—f(2)) where b is a real number. More generally, in the spirit of
above discussion, we have

h(f(z)) = b f(z2) (1-f92)) for an integer 'q'.
It readily follows that if f(z) =z, then g(z) is the well known logistic map.

We realize that Verhulst population dynamical system is defined based on the logistic map. In
the same spirit, we can define interesting non-linear dynamical systems based on the above
generalized logistic maps proposed above. Details are avoided for brevity. We expect detailed
results to be derived in association with such non-linear differential equations and dynamical
systems.

e Matrix Logistic Map: Matrix Verhulst Dynamical System:
We now introduce the concept
of “Matrix Logistic Map”.

Definition: Given a constant matrix “C” and matrix Variable “A”, matrix logistic map is
defined as

f(A) = CA(I—A), where I is the identity matrix.
The associated matrix verhulst dynamical system is defined as

An+1)=CAMn) (I —An)) for n=0.

The matrix fixed point,Z of above dynamical system is defined as



Z=CZ(l—Z)i.e. Z is a solution of the following matrix quadratic equation
CZ?-CZ+Z = CZ*+(1-C)Z=0.

e Now, we briefly summarize the results associated with the solutions of an
arbitrary matrix quadratic equation i.e. B,Z? + B; Z + By = 0 with { B,, By, By}
being the coefficient matrices and Z is the unknown matrix . The following factorization
readily holds true:

82B,+8By+By = (6B, +B,Z+ By)(81—2).

Thus, taking determinant on both sides, we infer that the eigenvalues of
all solutions of above matrix quadratic equation must be zeroes of the determinental
polynomial

Det (8%B,+ 8 B, + By).

Further, the right vector, f of a solution matrix ( of the matrix quadratic equation), ‘Z’
corresponding to the eigenvalue 'y’ is in the right null space of the matrix

U?B, + uB; + By i.e.f (u*B, + uB; + By) = 0.

Now, we apply the above results to the case of structured matrix quadratic equation arising in
the case of matrix logistic map of interest to us. We readily have that

B,=C, By =1—-C and B, =0.

Thus, the associated determinental polynomial of interest to us becomes
Det(8%C+68(—C) ) = Det (61(66+(1—C))).

Suppose C matrix doesnot have an eigenvalue at ‘1’ (one) (i.e. (I — C) is non-singular), then
the above determinental polynomial has ‘N’ ( C is an Nx N matrix) zeroes identically ‘zero’ and
the rest of zeroes (i.e. N of them since the determinental polynomial is of degree 2N ) are non-
zero. Now let us consider the solutions of above structured matrix quadratic equation all of
whose eigenvalues are non-zero ( i.e. non-singular solution matrices ). In the following discussion,
we reason that there is a UNIQUE NON-SINGULAR matrix which is a solution of the structured
matrix quadratic equation. We readily have that for such a matrix solution ( with

i as the eigenvalue corresponding to the right eigenvector f ),

Det(uC+(I—-C))=0ie (uC+(I—C))f =0. Thus,we have that

Cf= f=26f.

(p+1)
Hence, an eigenvalue of the unique solution matrix 'y’ (i.e. matrix fixed point) is readily obtained
using an eigenvalue of constant matrix C i.e. 8 in the following manner

U= 5 Also, f is a right eigenvector of matrix C.

Thus, the eigenvalues, right eigenvectors of non-singular solution matrix, Z can be readily
computed. If the solution matrix, Z is also diagonalizable ( i.e. sufficient condition is that the
eigenvalues of matrix C are distinct ), then, it can be readily computed explicitly.



Note: There is a unique, non-singular fixed point of the dynamical system associated with the
matrix logistic map. Trivially Z =0 is a fixed point of the dynamical system.

Note: The non-linear behavior of dynamical system associated with the matrix logistic map can
be determined using extensive numerical work.

We are naturally led to the following “generalized matrix logistic map”.

Definition: Given a constant matrix “C” and matrix Variable “A”, generalized matrix
logistic map is defined as

f(A) = CA(I—A9"1), where I is the identity matrix, q = 3.

The associated matrix verhulst dynamical system is defined as

A(n+1) = C A(n) (1 - (A(n))q_l) for n>0.

The fixed points of generalized logistic map are determined using solutions of the
associated matrix polynomial equation [ Rama3 |.

4. Other Interesting Quadratic Forms in Probability/Statistics:

In this section, we investigate
several other quadratic forms which are naturally associated with measures such as
covariance/Correlation of two random variables which assume same values.

e In general, quadratic form is of the form g =Y\, ¥)_, T\T;B;; , where B;; has
statistical or probabilistic significance e.g. B could be Toeplitz auto — correlation
matrix of an Auto — Regressive process. In fact B could be the state transition
matrix of a Discrete — Time Markov Chain (DTMC). Further B could be —Q,

where Q is the generator matrix of a CTMC.

e Variance Laplacian related investigation naturally leads to studying the following
more general quadratic form associated with two jointly distributed random
variables X, Y that are “symmetric” in the sense that their ‘marginal probability
mass functions” are exactly same and the values assumed by them are same. Let
the common marginal probability mass function of the two random variables be
{p1, P2,..., Py }.Inthe spirit of Laplacian G, we are motivated to introduce, a
more general Laplacian matrix, H i.e.

H=D-P, where D =diag ( py,pz,..,py ) i.e. a diagonal matrix and
P;j = Probabilty { X =i, Y =j}i.e. matrix of joint probabilities.



With such definition H need not be symmetric but still is Laplacian. Suppose, P
is a symmetric matrix ( a stronger condition which ensures that the random
variables {X, Y} are “symmetric”’ ), H will be a symmetric, Laplacian matrix.

Let the common vector of values assumed by the random variables, X,Y be T.
Hence, the quadratic form associated with H is given by TTH T. Explicitly, we
have the following novel measure associated with jointly distributed random
variables {X,Y}.

N N N
6=TTHT= ZTizpi—ZZTiTjProb{X=i,Y=j}
i=1

i=1j=1

= E(X_Z) — E(XY) :: E(Y?) — E(XY)

Note: If X,Y are independent and identically distributed random variables, then the above
measure is the common variance of them. Also, if X, Y are same then 8 is zero.
e We now introduce the concept of “symmetrization of Jointly Distributed Random
variables” based on the following well known result associated with quadratic
forms:

e 1_.. -
TTPT = ETT( P+ PT) T i.e. symmetric quadratic form.

Definition: Two jointly distributed random variables with Joint PMF matrix P (
not necessarily symmetric ) are “symmetrized” when they are associated with the

symmetric joint PMF matrix %( P+ P7).
Lemma 11: Laplacian quadratic form TTH T is always positive semi-definite.

Proof: It readily follows that if E(XY) is non-positive, then ‘0’ is non-negative. Thus,

the more interesting case is when E(XY) is non-negative. In this case, we invoke a
well known result in the abstract vector space of random variables. From [PaP], the
following definition is well known

Definition: The second moment of the random variables X,Y i.e. E(XY) is defined as

their inner product. Further, the ratio
E(XY)

JEXD EQY?)

is the cosine of their angle, 8 i.e. say Cos(f).
Hence, it is well known that |[Cos(f)| < 1. Thus, in the case of random variables X, Y
whose joint probability mass function matrix, P is symmetric, we have that
|E(XY)| < E(X?). Thus, if E(XY) >0, E(XY) < E(X?).
Thus, the Laplacian quadratic form TTH T is always positive semi — definite.
Q.E.D.



Corollary: In this case, the covariance of random variables considered above can be
bounded in the following manner:
Cry = EQXY) — (E(X) )2

Since Variance is non-negative, we have that E(X?) > (E(X))? or —E(X?) < —(E(X))2.
Hence, ny > —0. Q.E.D.

We now briefly consider familiar scalar measures routinely utilized in probabilistic/

statistical investigations and provide them with quadratic form interpretation.

(n Covariance: By definition, covariance of two random variables X, Y is given by
Cxy = E(XY) —E(X)E(Y).

Suppose the random variables X,Y assume the same vector of values T.

Then, we have the following quadratic form interpretation of covariance of X,Y.
N N
ny: ETL PT‘Ob{X—lY ]} ZZT j PiDj
i=1 ]=1 i=1 ]
= TTPT - TTTT, where ]U pipj -

=TT (P - J)T-
Thus, we have a quadratic form that is not Laplacian.

Note: The correlation coefficient of two random variables X, Y is defined as

Pry = . It readily follows that |py,| <1 i.e.|Cyyl| < oy0y,

O-xy

This well known result can be given a quadratic form based interpretation if the random
variables X,Y assume the same values.

(1) From the above discussion, it readily follows that given a random variable, X
(E(X))?, E(X?) are arbitrary quadratic forms.

Note: Suppose, we consider two independent discrete random variables X, Y and their sum Z i.e.

Z=X+Y. The following inferences are well known from probability theory:

e The Probability Mass Function (PMF ) of Z is the convolution of the PMFs of the

random variables X, Y
e Variance (Z) = Variance ( X ) + Variance (Y ).

Suppose the discrete random variables X, Y assume the same set of finitely many values
captured by the N x1 vector T. Also, let Gx,(fy be the associated N x N variance Laplacian

matrices. The set of values assumed by Z ( i.e. convolution of the elements of T with those of

elements of T itself) is an 2N-1 vector. Thus, the variance quadratic form associated with

random variable Z is equal to the sum of variance quadratic forms associated with the random



variables X, Y. It should be noted that the Variance Laplacian matrix associated with the random
variable Z i.e. G; is a (2N-1) x (2N-1) matrix.

e Thus, the above result from probability theory shows the equivalence of two quadratic
forms associated with matrices of different dimensions.

Note: Two vectors whose elements are positive real numbers can be normalized using their
L' —norms to arrive at probability vectors. If the resulting probability vectors i.e.PMFs

correspond to independent random variables, the above result on sum of variances
can be invoked in association with their variance quadratic forms.
Correlation Matrix of Finitely Many Random Variables:

Let us consider finitely many real valued
discrete random variables, all of which assume the same set of finitely many
values. The correlation matrix of such random variables is given by
Ri1 - Ry

RN = , where RU = E(XLX] ) .

Ryi = Ryy

From the above discussion, it is clear that the elements of Ry are quadratic forms in
the set of values assumed by the random variables T (elements of T are quadratic forms).

It is well known that Ry is non-negative definite. Using the above discussion, the correlation
matrix Ry, can be written as

Ry = TToPoT
i.e. Rij =TT P;T where P;j is the sub—matrix of block symmetric matrix P.
Note: 'o' is a suitable defined product like Kronecker or Schur product.

It should be noted that P is the associated block symmetric matrix arising in association with
quadratic forms.

Note: Covariance matrix is also well defined in statistics/ probability theory. Suppose all the
random variables ( whose correlation matrix is considered ) assume the same values. Then the
diagonal elements of it are Laplacian quadratic forms and the off-diagonal elements are also
guadratic forms which are not necessarily Laplacian.

5. Conclusions:

In this research paper, it is proved that the variance of a discrete random
variable constitutes the quadratic form associated with a Laplacian matrix ( whose
elements are expressed in terms of probabilities ). Various interesting properties of the
associated Laplacian matrix are proved. Also, other quadratic forms which naturally arise
in statistics are identified. It is shown that cross fertilization of results between the
theory of quadratic forms and statistics/probability theory leads to new research
directions.
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