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Abstract. In the present paper i—derivations and local i

derivations of n -dimensional naturally graded quasi-filiform
Leibniz algebra of type Il are studied. Namely, a common form

of the matrix of %—derivations and local %—derivations of these
algebras is clarified. It turns out that the common form of the
matrix of a %—derivations on these algebras does not coincide

. 1. .
with the Iocalg-derlvatlons’ matrices common form on these
algebras. Therefore, these n -dimensional naturally graded
quasi-filiform Leibniz algebra of type Il have local E-derlvatlons

that are not %—derivations.

INTRODUCTION
Filippov studied &-derivations of Lie algebras in
a series of papers [12-14]. The space of &-derivations
includes usual derivations (6 = 1), anti-derivations (& =
—1) and elements from the centroid. In [13] it was proved
that prime Lie algebras, as a rule, do not have nonzero 8-

derivations  (provided 8¢1,—1,0,%), and all %

derivations of an arbitrary prime Lie algebra A over the
field F of characteristic p # 2,3 with a non-degenerate
symmetric invariant bilinear form were described. It was
proved that if A is a central simple Lie algebra over a field
of characteristic p # 2,3 with a nondegenerate

symmetric invariant bilinear form, then any E-derlvatlon

@ has the form ¢ = Ax for some 1 € F.

In recent decades, a well-known and active
direction in the study of derivations of associative
algebras and rings is the problem about local derivations.
The notion of local derivation on algebras was introduced
by R.V. Kadison [15], D.R. Larson and A.R. Sourour [18].
A local derivation on an algebra A is a linear map 4: A —
A which satisfies that for any x € A, there exists a
derivation D,: A - A
(depending on x) such that A(x) = D,(x).The main
problems concerning local derivations are to find
conditions under which local derivations become
derivations and to present examples of algebras with local
derivations that are not derivations. Several authors
investigated local derivations for finite or infinite
dimensional Lie algebras [1-9, 11, 16, 17, 19, 20], and it
was proved that every local derivation on many Lie
algebras (for examples, semi-simple Lie algebras, Borel
subalgebras of finite-dimensional simple Lie algebras, the
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Schrédinger algebra s, in (n + 1)-dimensional space-time)
is a derivation.

Investigation of local and 2-local &-derivations
on Lie algebras was initiated in [17] by A.
Khudoyberdiyev and B. Yusupov. Namely, in [17] it is
proved we introduce the notion of local and 2-local 6-

. . . 1 . .
derivations and describe local and 2-local E-derlvatlon of

finite-dimensional solvable Lie algebras with filiform,
Heisenberg, abelian nilradicals. Moreover, we give the

description of local %—derivation of oscillator Lie algebras,

conformal perfect Lie algebras, and Schrodinger algebras.
B. Yusupov, V. Vaisova and T. Madrakhimov proved

P - 1 - .
similar results concerning local E-derlvatlons of naturally

graded quasi-filiform Leibniz algebras of type | in their
recent paper [20]. They proved that quasi-filiform Leibniz

algebras of type I, as a rule, admit local %—derivations

. 1 . .
which are not E-derlvatlons.

PRELIMINARIES

In this section we recall some basic notions and
concepts used throughout the paper.

For a given Leibniz algebra (L,[]), the
sequence of two-sided ideals are defined recursively as
follows:

LY=L, [M'=[IL1], k>1.
This sequence is said to be the lower central series of L.
Definition 2.1 A Leibniz algebra L is said to be
nilpotent, if there exists n € N such that L™ = {0}.

Now we give the definitions of i—derivation and

1 R .
local E—derlvatlon.

Definition 2.2 Let (L,[—, —]) be an algebra with a
multiplication [—, —]. A linear map D is called a &-
derivation if it satisfies

D[x,y] = 6([D(x),y] + [x, DY)
where 6 from the ground field F.

Definition 2.3 A linear map 4 is called a local §-
derivation, if for any x € L there exists a §-derivation
D,:L — L (depending on x) such that A(x) = D, (x). The
set of all local &-derivations on L we denote by
LocDerg(L).

In this work, we focus on investigating local and

1 . . - 1 . . .
2-local E-derlvatlons. Since any E-derlvatlon isalocal and

1 . . . .
2-local E-derlvatlons, we are interesting on local and 2-



1 - . - . 1 - .
local E-derlvatlon, which is not a E-derlvatlon. Such local
1 . . ..
(resp. 2-local) E-derlvatlons we call non-trivial local (resp.

1 . .
2-local) E—derlvatlons.

Below we define the notion of a quasi-filiform
Leibniz algebra.

Definition 2.4 A Leibniz algebra L is called

quasi-filiform if L"~2 # {0} and L"~! = {0}, where n =
dimL.Given an n-dimensional nilpotent Leibniz algebra L
such that Ls=1 = {0} and L® = {0}, put L; = L!/L*1, 1 <
i<s—1, and gr(L)=L, - DLs_,. Due to
[L;, L;] € L;4; we obtain the graded algebra gr(L). If
gr(L) and L are isomorphic, gr(L) = L, we say that L is
naturally graded.
Let x be a nilpotent element of the set L\L?. For the
nilpotent operator of right multiplication R, we define a
decreasing sequence C(x) = (nq,ny, ..., ny), Where n =
n, +n, + -+ + n;, which consists of the dimensions of
Jordan blocks of the operator R,. On the set of such
sequences we consider the lexicographic order, that is,
C(x) = (ng,ny, ..., ) < C(y) = (my,my, ..., my) iff
there exists i € N such that n; = m; for any j <i and
n; < m;.

Definition 2.5 The sequence C(L) = max C(x)

XEL\L?

is called the characteristic sequence of the algebra L.
Definition 2.6 A quasi-filiform non Lie Leibniz

algebra L is called an algebra of the type | (respectively,

type 11) if there exists an element x € L\L? such that the

operator R, has the form (O”‘Z

(6 ?n_z))'

The following theorem obtained in [10] gives the
classification of naturally graded quasi-filiform Leibniz
algebras.

Theorem 2.1 [10] An arbitrary n-dimensional
naturally graded quasi-filiform Leibniz algebra of type Il
is isomorphic to one of the following pairwise non-
isomorphic algebras of the families:neven

0 ) (respectively,
J2

[e1, e1] = ey,

Lidlene ] =€y, 3<i<n-—1,
[er, €] = el+1. 3<i<n-1,
les, e1] =

LZ. [el'e]_el+1i 3S1Sn—1,

") [en 3] = e; — ey,
ler, ] = —eiyq, 4<i<n-—-1,
[e1, e1] = ey,

£3: e el = €41, 3<i<n—1,

") [e,e] = —ei4q, 3<i<n—1,
[63,9 ] = ey,

[e1, e1] = ey,

[ee1] =€y, 3<is<n-—1,
LE:{ ey, e3] = 2e, — ey,
[e1,

[

('b

el=—-641, 4<i<n-—1,
es e3] = ey,
nodd, £, £2,£3 L%
[er, e1] = ez, e5,1] = €jyq, 3<is<n-—1,
L3:4[e1,e] = —eirq, 3<i<n-—-1,
[ei enta—i] = (=D)'ey, 3sisn-1,

3<i<n-1
B €{1,2}
e, el =—eiq, 4<i<n-—1,
e enszi] = (—1le,, 3<i<n-—1,

e, e = e, 3<is<n-—-1,

[

[es, e3] = vey, 14 # 0,

lei, enia—i] = (—1)'ey,

([31'91] =€y
[

i, 81] = €i+1,

3<is<n-—-1,

3<i£n—1,

8By, [e, e3] = Be, —
" ’ [el'el] —€it+1 4<is<n-— 11
[63' €3] =Yez (.81 )/) = (_2'1)' (2'1) 07'(4,2),

[ei' en+2—i] = (_1)ien' 3<isn-— 1'
where {e,, e,, ..., e, } is a basis of the algebra.
MAIN RESULTS

Now let us give the main result about %

derivation and local %—derivation of naturally graded
quasi-filiform Leibniz algebra of type II.
Proposition 3.1 Any é—derivation of naturally

graded quasi-filiform Leibniz algebra of type Il has the
following form:
For algebras £1:

n

n
D(e) = ) aer D(e;) = aen Dle) = ) biey,

i=1 i=1
D(e]) = (1 - 23_j)alej + 23_jz bi_]'+3ei f
i=j

for algebras £2:
n

1
Do) = ) wer, Dies) =5 Qar +aes,
i=1

n
D(es) = ) bie,
i=2

D(e) = (1 —2>Naye; + 23—1’2 bi_jizeid <j<n
i=j

for algebras £3:

n n
D(el) = Z ae;, D(BZ) = qq€y, D(€3) = Z biel‘,
i=1 i=2
D(e) = (1= 2°aye + 23"’2 bi_jszend < j<n.
i=j
for algebras £:

n

Die) = ) aier, D(ex) = (@ +as)es, Des) = ) biey,

i=1 i=2

D(el)_(1_23 ])ale +2°7 Zbl jrsepd <j<n
i=j

where b; = a; + as.
for algebras £3:



n

D(ey) = § aie;, D(ey) = ase,,
i=1
n-3

D(e3) = Z b;-e;+b,_1e,_1+ bye,,
< i=2

n
D(ej) = 23_j Z bi_j+3ei +
i=j

(_1)j_1an+3—jen

+(1-25Naye; + 5 A4<j<n
for algebras £ (8 = {1;2}):
n-2
1
D(er) = ) arer+ anen,  D(e;) =5 Base,
i=1
3

D(e3) = Z b; e + b,_1e,_1 + bpe,,

i=2

n
D(e}) = 23_j Z bi—j+33i + (1 - 23_j)a13j +
=
(_1)j_1an+3—jen
2

,A4<j<n

for algebras £ (y # 0):

n-2

D(ey) = E ae; + azen, D(ey) = ajey,
i=1
n-3

D(e3) = Z b; - e; + by_1en_1 + bpey,

i=2

i=4

n
D(ej) = 23_j Z bi_j+3ei + (1 - 23_j)alej
=
(_1)j_1an+3—jen
2

,50<5j<n
where a; = yb;
for algebras £2#7:

n

1
D(e,) = Z ae;, D(ey) = 5(2‘1’1 + azf)e,,
i=1
ne3

D(eS) = Z bi e+ bn—len—l + bnen:

i=2

i=4

n
D(e;) = 2% Z bi_jize; |+ (1 —25Naye;
i=j
(_1)j_1an+3—jen
2
where (8,v) = (—2; 1), (2; Dva(4; 2) and 2ya; +
yasf = b, + 2ybs.

,50<j<n

1
D(es) = 2 <b1ez + .64+ azye; —ay_1e, + Z bi_1e;

n
1
D(es) = 2 <b1ez + Z bi_ie; + aje, + asye; — b,y

)

)

Proof. We prove the proposition for the algebra £1. The
rest of the cases can be proved similarly. Let D be a %
derivation of the algebra We set

D(e;) = Z a;e;, D(e3) = Z b;e;.

i=1
Consider the equalities

D(e;) = D([e; ¢ - ([d(ey), 31] + [e1,d(e))]) =
([Z ae;,e;

) = ae;.
Consider the equalities
D(es) = D([es, e1]) = §([Dce3>,e1] + [e5, D(en)])

1

= ;([ ?:1 bie;, e;] + [63,2?=1 ae;]) =

=S (e, + 3y b

l\JIb—\

61’ a;e;

=1

i—16; +a,e,) =

1 1 1
= Eblez + > (ar + b3)e, + EZS b;_e;
i=

From the equalit
1
0 =D([es e3]) = E([D(ezx)' es] + [es, D(e3)]) =
= é[iblez +%(a1 + b3)€4 + ;Z‘{;S bi_lel‘, 63] +
+%[€4' Yi=1 bie;] = byes
which implies b; = 0.
With similar arguments applied on the products [e;, e;] =

e;+1 and with an induction on i, it is easy to check that the
following identities hold for 5 < i < n:

1 i-3 1 n
D(ei) = (1 - (E) >alel~ + FZ bj_i+3ej.
j=i

Theorem 3.2 Any local %—derivation of naturally graded
quasi-filiform Leibniz algebra of type Il has the
following form:

for the algebras £, L£2:

Ale;) =X c;iqe;, A(e,) = ¢y e,
LocDer1 { ( 1) Z] 1 %j,1%) ( 2) 2,2%2 for
A( 3) - Z] =2 CJSe]!A(el) - Z] i Cj i€
the aIgebrasL L}
n
A(ey) = Z Cj1€j, A(ey) = cy€,
=
n
LocDer1:4 4(e3) = Z CjzejA(es) = Caep + Z Cj,4€))
2 =2 =
n
Ae) = Z ¢iepS5<i<n

j=i

for the algebras £3, £&#(B = {1;2}):



n

Aey) = z cirej, A(ez) =cyp6y,
=1
n-3
LocDer1:4 4(e3) = Z Cj3€ + Cp_13€n_1 + Cp3én,
2 =
n
A(e;) = Z Cji€i 4<i<n

j=i
for the algebras £2¥ (y = 0), L3P
n

Aey) = z Ci1€j, Aey) = €2,2€2,
=1
n-3
LocDery:+ A(es) = Z Cj3€j + Cp_136n-1 1 Cn3én,
2 =
n-3 n
Aley) = c46; + Z Cj,4e]-,A(ei) = Z Cji€i
=2 =i

Proof. We proof the Theorem for the algebra £, the
other cases can be similarly.

Let 4 be an arbitrary local %—derivation on L1
By the definition of local %—derivation, for any element
x € L}, there exists a i-derivation D, onsuch £} that
A(x) = D, (x).
By Proposition 3.1, the matrix of %—derivation D,.has the
following form:

Ay
af 0 0 O .0
/a%‘ af by 0 .0
|ai 0 b7 0 .0
1
=laf 0 b7 5@ +bH) .. 0
. 0
bX_ 1 1
a,’§ 0 b,’f n21 . (1—211—_3>af+ﬁb§‘

Let C be the matrix of 4 and

C
€11 C1,2 €13 C1,4 Cin
C21 €22 €23 €24 C2,n
C31 €32 C33 C3,4 C3n

_ | €41 C4,2 €43 Ca,4 Cam
Cs,1 Cs,2 (5,3 Cs,4 Csn
Cn-11 Cn-12 Cn-13 Cn-14 Cn—1n
Cn,l Cn,2 Cn,3 Cn,4 Cn,n

Then, by choosing subsequently x = e,

X =e,...,x =e, and using 4(x) = D,(x), i.e.
Cx = A, X where x = (x,%5,...,%,)7 is the vector
corresponding to x = x,e; + x,e,+... +x,e,, We have

—_—

C
€11 0 0 0 0 0
€21 Cp Cp3 0 0 0
€31 0 C33 0 0 0

_ | Caa 0 Ca3 Cas 0 0

| s 0 Cs3 Cs.4 0 0
Cp-11 0 Cn-13 Cn-14 Cn-in-1 0
Cn,l 0 Cn,3 Cn,4 Cn,n—l Cn,n

Now we prove that the linear operator, defined by
the matrix C is a local %—derivation. If, for each element
x € L}, there exists a matrix A,of the form in
Proposition 3.1 such that

Cx = A.X, (3.1)
then the linear operator, defined by the matrix Cis a local
%—derivation. In other words, if, for each element x € L1,
the system of equations

C11%X1 = AfXq1,Co1X1 + CopXp + Co3X3 = A3 X1 + afx, + by xs,
C31%1 + C33X3 = azx; + b3xz,
Ci1Xx1 + Z§-=3 i X = aixy + bixz +
\+ (1= 23")aF +257F ) x; + BiTh 2372
obtained from (3.1), has a solution with respect to the
variables
aj,a;,...,ax, b3, b3, ..., b}
then the linear operator, defined by the matrix C, is a
local %—derivation.
Let us consider the following cases

Casel.Letx; #0.Then,4<i<n
x _ x _ €21X1+C32X2+C3 3x3—ajx—b3x3
ay=c¢1,a0; = P )

at = €3,1%1+¢33%3—b3x3,
3 xl )
o = Yi=3 Ci.jxj—bfxz—((1—23_i)a’1€+23_ib§)xi—Z,'-;l;Zs_jbf—j+3xj
L x1 )
where b, 2 <t < n defined arbitrary.
Case 2. Letx; =0, x5 # 0. Then

X
C22X3 + €33X3 — byx3

ai =
X2
where b3 defined arbitrary.
Case3.Letx; =x,=0,x3 #0.Then4 <i<n
b; =c¢22, b3 =c33,

23-:3 CijXj — ((1 —2%Yaf + 23_ib§‘) X

b} = -
L x3
1o
_ Y24 27D jy5%)
X3
Cased. Letxy =xy=...=x,_1.=0, x;#0,

4 <t<n.Then

b% = 2'3¢,,,

Z;:t CijXj— Z;=t+1 bi_j.3%;
Xt

X — ot-3 ,
i—t+3 — 2

A+ 1<i<nm,

where af defined arbitrary.



Corollary 3.3. The naturally graded quasi-
filiform Leibniz algebras of type Il admit a local %

derivations which are not a %—derivations.
CONCLUSION
In the present paper we consider %—derivation and

local i-derivation on naturally graded quasi-filiform
Leibniz algebras of Type Il. We give the description of
%—derivations on naturally graded quasi-filiform Leibniz

algebras of Type II. Moreover, we describe the local %

derivation on naturally quasi-filiform Leibniz algebras of
Type Il. We prove that naturally graded quasi-filiform

Leibniz algebras of Type Il admit a local %—derivation

which are not a %—derivation.
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