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Abstract

We introduce Virtual Integer-Real Arithmetic Substitution (VIRAS), a quantifier elim-
ination procedure for deciding quantified linear mixed integer-real arithmetic problems.
VIRAS combines the framework of virtual substitutions with conflict-driven proof search
and linear integer arithmetic reasoning based on Cooper’s method. We demonstrate that
VIRAS gives an exponential speedup over state-of-the-art methods in quantified arithmetic
reasoning, proving problems that SMT-based techniques fail to solve.

This paper is the extended version of paper “VIRAS: Conflict-Driven Quantifier Elim-
ination for Integer-Real Arithmetic” published at LPAR 2024, written by the same authors.
This version provides proofs and additional examples in order to illustrate various formal
results.

1 Introduction

Automated reasoning is routinely used in applications of mathematical theory formalisation [9],
formal verification [10] and web security [6]. The demand for proving properties with both
quantifiers and theories is increasing in these and similar domains, especially in the context
of arithmetic reasoning. Common approaches addressing this demand implement incomplete
heuristics for quantifier instantiation (QI) [3, 18, 12] or integrate complete quantifier elimination
(QE) [4, 2], adjusted for a particular arithmetic domain. In this paper, we improve the state-of-
the-art in quantifier elimination by introducing a new calculus for mized integer-real arithmetic,
while aiming at reducing computational cost of QE [20].

QE transforms first-order formulas Jz.¢ or Vz.¢ into an equivalent formula ¢’ that does not
contain the variable x. Seminal works solving QE were introduced within Cylindrical Algebraic
Decomposition — CAD [5, 1], lazy model enumaration [17] and virtual substitution [11, 19]
for non-linear real arithmetic and Cooper’s method for linear integer arithmetic [7]. These
techniques have been used and extended with tailored solutions for satisfiability modulo theory
(SMT) solving in non-linear and linear real arithmetic (NrRA, LRA) [13, 4] or linear integer
arithmetic (L1A) [14, 2]. Yet, existing solutions [20, 18] fail deciding the mixed theory of linear
integer and real arithmetic (LIRA) adequately. The work of [20] requires formula normalizations
that result in an exponential blow-up in the input formula size, whereas [18] is restricted to V3
problems.

This paper describes the VIRAS method for solving linear integer-real arithmetic formulas
with arbitrary quantifier alternations (Sect. 4), using virtual substitutions to implement quan-
tifier elimination in LIRA. Within VIRAS, we combine real and integer arithmetic via a floor
function || for rounding reals to closest integers. VIRAS uses virtual substitutions to eliminate
quantified variables x by instantiating with so-called virtual terms. We extend the framework
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of virtual substitutions with so-called Z-terms, allowing us to generalize Cooper’s method from
Lia to LiraA, and further optimizing it for equality literals (Sect. 5). VIRAS overcomes the
burden of arithmetic normalisations performed in [20] and avoids an exponential blow-up in
processing LIRA formula (Sect. 5). We further extend VIRAS with conflict-driven proof search
(Sect. 6), by generalizing [15] to handle virtual terms involving infinitesimals ¢ and +oo.

Our contributions. In summary, this paper brings the following contributions.

e We present the VIRAS method implementing a quantifier elimination procedure for linear
mixed integer-real arithmetic, generalizing both Cooper’s method [7] and virtual substi-
tutions [19] by introducing Z-terms (Sect. 4), and prove that VIRAS is indeed a quantifier
elimination procedure in Theorem 1 !.

e We show VIRAS is exponentially faster than related techniques [20]. Moreover, VIRAS can
solve problems that SMT-based solutions fail to solve (Sect. 5).

e We enhance VIRAS with conflict-driven proof search, by extending the framework intro-
duced in [15] to support € and oo-terms (Sect. 6).
2 Motivating Example
We illustrate LIRA reasoning and the main steps of VIRAS using the formula:

Jr.¢ = F(la]+3<zrz<lal+iA[z]—2>0) (1)

L, Lo Ls

where |a| denotes the floor of the real number a; that is, the greatest integer such that [a] < a.
Eliminating the quantifier 3z in the LiRA formula (1) comes with the challenge or reasoning
floor-expressions within real-integer linear arithmetic.

Note that the literals Ly, Lo impose respectively lower and upper bounds on the quantified
variable . Intuitively, Lq, Lo imply that, in order for ¢ to hold for some x, x must be within
the non-empty interval [|a] + %, a] + 2]. Further, literal L3 asserts that x is in a periodically
repeating set of solutions, for the following reason: as [z] — x can be only within [0, 1), the
literal L3 cannot hold if ¢ belongs to the interval [1,00); if ¢ € [—00,1) then Lg holds iff z €
U.ez(2, 2+1—c|. Assuch, the LirA formula (1) holds iff intersection I of the intervals restricting
the values of x, as asserted by L, Lo, L3, is non-empty. Following upon this observation, I is
clearly non-empty when ¢ < 0. On the other hand, if ¢ € [0,1), then I is non-empty iff
(la),la] +1—=dn[la] + 3, la] + 2] is non-empty, which is the case iff [a] ++ < [a] +1—¢
In summary, this means a quantifier-free equivalent formula to the LIRA formula (1) is ¢ < 2.

Note that by finding a quantifier-free formula ¢ < % equivalent to formula (1), we applied QE
to (1) using arithmetic reasoning with floor-expressions. For automating such a QE process, our
VIRAS method implements the following steps. We transform (1) into an equivalent, quantifier-
free formula by computing a so-called elimination set elim(¢) and by virtually substituting x
with each element of elim(¢), allowing us to replace the existentially quantified formula (1) with
the following finite disjunction:

Jop = olz /) la] + 31V elx ) —oc] v lz [ Z]V bz [ Z + €] (2)

1Proofs are given in the appendix.
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where ¢z // t] denotes the formula obtained from ¢ by virtually substituting = with ¢. Note
that the elements of elim(¢) used for substituting = are not just regular terms, but so-called
virtual terms that include additional symbols: e for infinitesimal quantities, co for infinity and
Z for periodically repeating solutions. While & and oo are also used [16], the periodic solutions
Z-terms are both unique and crucial for VIRAS. We immediately eliminate the symbols €, 0o, Z
in virtual substitutions, so that result of ¢[z / t] is a formula using the original signature
of ¢. Concretely, t + ¢ is eliminated by replacing ¢z /¢ + €] by its limit value lim,_,;+ ¢;
oo is eliminated via substituting with a constant greater than any other term, and t + pZ is

eliminated by choosing a sufficient subset finfﬂ)Z of {t + pz | z € Z} for substituting. In the

case of this example a sufficient subset fin% of Z is {|a] + 1}, the integer closest to the lower
bound L; = |a| + % < x. As such, we apply virtual substitution:

v

¢le fla]+3]= laj+3<laj+3Alal+3<|a]+2A[la)+3]—-la]-%>c

T T

oz ) —c] = LA(L2AL3)[z ) —]

>c

win

Oa ) 21 = Vyequp e /1] = 0l | la) +1] = o] +1< la] + 2 AL A L) / La] +1]
e Zrel= Ve ol/tl=0le/laj+1+e]

+e
la] +1+e<|a]+ 3 A L1 A L)z [ |a] +1+¢]
= |a]+1< |a] +§/\(L1/\L3)[[m// la] +1+€]
[ ———
1
allowing us to reduce (2) to ¢ < £ as the quantifier-free equivalent of the LIRA formula (1).

3 Preliminaries

We assume familiarity with multi-sorted first-order logic and respectively denote rationals,
integers and reals by Q,Z and R. We consider the mixed first-order theory of linear integer and
real arithmetic (LIRA), corresponding to first-order logic with predicate symbols <, <, >, >, as;
function symbols +, ¢- for ¢ € Q and [-|; and a constant symbol 1, interpreted over R. The
function symbols ¢- are called numerals. A term q - (t) is interpreted as the term ¢ multiplied
by g. For simplicity, we omit parenthesis and - whenever it is clear from context; for example,
write 3¢ for 3 - (t). We write k for k- (1), +¢ for 1¢ and —t for —1¢. By =~ we denote the
equality predicate. We write I % r for —(I & r). The floor function |-] applied to a term ¢
returns the greatest integer less than or equal to t; hence, |t] < t. The ceiling function can
be defined as [x] = — |—z|. While LIRA theory does not contain a dedicated sort of integers,
it handles integer properties via the |-] function. Linear real arithmetic (LRA) is an instance
of LirA, without the floor function |-], interpreted over the reals R. Linear integer arithmetic
(L1a), also known as Presburger arithmetic, restricts LRA to the integer numerals of Z and is
interpreted over Z instead of R.

Let V and T denote respectively the set of LIRA variables and terms. We write a, b, ¢, x,y, z
for variables; s, t, u for terms; j, k, q, p for numerals; L for literals; ¢, 1 for formulas, all possibly
with indices. We denote by + a symbol in {+, —} and write F for the respective other symbol;
o for a predicate in {=, %, >,>}; and 2 for a predicate in {>, >}. Note that all variables that
are not explicitly quantified are considered parameters (i.e., implicitly universally quantified).
We write s < ¢ for s being a subterm of ¢t and s < ¢ for s being a strict subterm of . An
expression E is a term, literal or formula. We write E[z/t] for the result of substituting x

3
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by t in E; whenever it is clear from context, we write E[t] for E[z/t]. For a formula ¢ we
write V¢ and 3¢ for the universal and existential closure of ¢. For a set E, we write A\ E for
Aecp € similarly for \/,(,J and X. For a formula ¢ and a first-order interpretation Z, the

set soISetf,I ={z € R| T = ¢[z]} is the solution set of ¢ with respect to Z and z. If ¢ is a
conjunction of literals we write L € ¢ to denote that L is a literal of ¢.

We consider rational numbers % € Q to be normalized such that the greatest common
divisor of j, k satisfies ged(j, k) = 1. Let den(%) = k denote the denominator and num(%) =j
the numerator of . By sgn(q) we denote the sign of the number ¢ with sgn(q) € {0, —, +}. We
respectively introduce a generalized quotient function and remainder function as quot, (t) = L%J
and rem,,(t) =t — p - quot,(t), both defined over R. Divisibility constraints are expressed in
LIRA as ¢ | t <= rem,(t) ~ 0, whereas congruence classes are defined as s =, t <= remg(s) =
rem,(t). We generalize least common multipliers lem to be used with arbitrary finite sets of

rationals Q C Q with 0 € @, as follows: lem@(Q) = %. Clearly, for all ¢ € @Q, we

have Im@& € Z. We use ( and ) as variables for interval bounds: ( is either [ or (; and ) is |
or ). For example the interval (I, r] could either be (I,r] or [I,7], depending on (.

4 VIRAS: Virtual Integer Real Arithmetic Substitution

We now introduce the VIRAS method that performs quantifier elimination (QE) on Lira for-
mulas, by implementing virtual substitutions over integer-real arithmetic. Given a quantified
formula Jz.¢, VIRAS translates 3z.¢ into an equivalent quantifier-free formula ¢, which in
the case of a formula where all variables in ¢ are bound means ¢’ is ground and thus can be
simply be evaluated (and solved). As we can perform quantifier elimination recursively, univer-
sal quantifiers can be expressed in terms of existential ones, and existential quantifiers can be
distributed over disjunctions, in the sequel we consider arbitrarily fixed 3z.¢ formula, where ¢
is a conjunction of literals, that may contain free variables that are considered parameters (i.e.,
implicitly universally quantified).

Following the setting of virtual substitutions [11, 19], VIRAS computes a finite but sufficient
number of witnesses for 3z and turns the quantified formula Jx.¢ into an equaivalent finite
disjunction

\/  olz /1],

teelim® (o)

where ¢[x // t] is obtained from ¢ by virtually substituting x with the virtual term t that does
not contain x, and elim”(¢) is the elimination set of ¢.

The core idea for finiding finite sets of witnesses elim®(¢) is that every LirA-literal L € ¢
defines a set of solution intervals. Thus if L holds for some x, then x must be contained in some
solution interval S of L, thus L must also hold for the lower bound of S. As ¢ is a conjunction
of such literals 3x.¢[x] holds iff ¢ holds for any of the lower bounds of its literals. Thus we can
choose the set of all lower bounds of all solution intervals as elimination set elim®(¢).

For finding the lower bounds of these solution intervals we introduce key properties of LIRA
terms and literals in Sect. 4.1. As seen in our motivating example in Sect. 2 solution intervals
are not only left-closed (e.g., [[,r]) but may also be left-open (e.g., (I,7], (—oo,r]), and may
be periodically repeating (e.g., U,ez[l + 22,7 4+ 2z]). Thus we do not only substitute with
regular but with virtual terms, to include lower bounds like [ + ¢, —co and [ 4 2Z. We formally
define virtual terms and virtual substitutions in Sect. 4.2. Finally in Sect. 4.3 we combine the

4
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Figure 1: LIRA terms interpreted as functions in x, with dotsi(xz) = |z +t] + [~z —t]. The
function graph is drawn thick and in blue, the function’s linear bounds are given by the cyan
dashed line, the core interval (Def. 7) is visualized in and marked with deltaX.

results about LiRA-terms and literals with the virtual substitution operation, allowing us to
constructively define elim®(¢) and prove that VIRAS is a QE procedure for LIRA in Theorem 1.

4.1 LIRA Properties

Let us recall our motivating example from Sect. 2. We argued that the literal Ly = |2| —x > ¢
of formula (1) has a periodic solution set of solutions (J,c, (2,2 + 1 — ¢]. The main idea of
building our elimination sets is to cover all lower bounds of the intervals the solution set is
composed of (i.e., z+¢ for every z € Z in our example). Any LirA-literal can be normalized to
the form to0 (¢ € {>, >, =, %}), thus we can characterize the lower bounds of solution sets by
finding the zero crossings of LiRA-terms ¢. For finiding these we introduce relevant properties
of LIRA terms and literals.
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LIRA Terms. We first illustrate few LIRA terms in Fig. 1, where terms are interpreted as
functions in z. Note that each function in Fig. 1 is non-linear and not continuous. Nevertheless,
the LIRA terms of Fig. 1 have a linear upper and lower bound with the same slope (Lem. 2),
which we call the outer slope oslp of terms (Def. 1). The lower and the upper bound distances
from the origin are distY ™ and distY™, and their difference is delta¥ € Q=° (Def. 2). Even
though there is an infinite number of discontinuities in Fig. 1, the function graphs witness
periodic repetition, parallely shifted along upper and lower bounds (Lem. 1). The period per of
a LIRA term refers to the size of the repeating interval of its respective function graph. Fig. 1
also shows that, between each two discontinuities, the function is composed of linear segments
(Lem. 4) with the same slope; we refer to these as segment slopes sslp (Def. 1). The line segment
above any z-value can be described as a linear function (visualized via the thin gray dashed
lines in Fig. 1.b) passing through each segment that starts at the term’s limit lim{ (Def. 3) and
is shifted by the distance dseg(x) (Def. 4) from the origin; thus, the line describing the segment
above some value x is given by sslp - 2 + dseg(zp). It is easy to see that the truth value of a
literal t©0 can only change at a discontinuity b or at the zero of some segment zero, (b) (Def. 4).
Therefore, only these values can be lower bounds of solution intervals of LiRA-literals, defining
thus our elimination set (Fig. 2).

From Fig. 1 we can easily see that in the cases with oslp # 0 (subfigures (a), (b), (d)),
inequalities ¢t <0 will always be constant true or false for x values outside of the linear bounding
functions, while the area inside the bounding function contains a finite number of line segments,
thus a finite number of intervals where ¢ ¢ 0 could be true, thus a finite number of points we
need to add to our elimination set. Further from Fig. 1.b we can see that if oslp = 0, the truth
value of inequalities ¢ ¢ 0 will repeat at a period per. Within one period again there is only a
finite number of line segments, hence a finite number of points for our elimination sets. Due to
the periodic repeating nature of these solutions we will be able to define all of them in a finite
set Z-terms (Def. 8). Both of these insights will later be formalized in Lem. 6, and Lem. 5,
which are necessary for defining virtual substitution and obtaining our main result Theorem 1.
In order to do this we formally define all these notions below.

Most of the following definitions formalizing these observations will use term and variable
subscripts, or superscripts (e.g., pery). We will omit these for the term symbol ¢ and the variable
symbol z.

Definition 1 (Slope and Period). Let t be a LIRA term. By recursion on t, we define the
period per{, outer slope oslpy, and segment slope sslpy of t as:

oslp? = {1 ifx = y oslpf =0 oslp?,, = oslpg + oslpy
0 otherwise  oslpy, = k- oslp;  oslp{,; = oslp}
sslp? = {1 if x = y sslpi] =0 sslpy,, = sslp; + sslpy
0 otherwise  sslpy, = k-sslp;  sslpy, =0
per, = per; =0 pery, = per;
pers if pery =0 0 if pery =0 = oslp}
pery,, = < pery if perf =0  per], = \oTlpfl if perf = 0 # oslp?
lem@{per®, per?} otherwise num(pery) - den(oslpy) otherwise

Lemma 1 (Periodic Shift). If per, # 0 then R |=Va,y.(t[z + per |y] ] ~ t[z] + oslp - per |y] )

Proof. See Appendix D. O
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Example 1. Consider the termt = — | =3z + z| — x of Fig. 1.b. We have oslp = 2, sslp = —1
and per = % By increasing the value of x by per |y|, the value of t[x] increases by oslp - per |y],
that is:

tle + per]|y] ~ — -3z + 3 [y)) +z] —z — 5 Lyl

~ —|-3x+z|+ |y —x— % ly| = t[x] + per - oslp |y]
—_————

o

Wl

Definition 2 (Bound Distance). Let t be a LiIRA-term. We define distYit € T and delta¥, + €
Q by recursion on t:

delta¥,, =0 distY = _ {0 fx=y
delta¥Y;:1 =0 oy y  otherwise
deltaY, xe = |k|deltaYy, . disty,;, =1

deltaY, o4t = deltaY, . + deltaY, disty . — {k distY;, ifk>0
deltaY, ;) = deltaY,, +1 o k-distYD, ifk<0

distY, .., = distY, , +distY, ,
disty},  =distY,, + deltaY,, distY, , =distY,, —1

While the bounds distY™ are over-approximations of actual bounds?, they yield linear bounds
with same outer slopes. These bounds are being used to define the core interval (Def. 7), the
interval in which a literal’s truth value is not trivially true or false (Lem. 6). Overapproximating
this interval thus only results in unnecessary instantiations of the formula ¢ which slows down
proof search but does not affect soundness.

Lemma 2 (Linear Bounds). R | Va. (oslp cx+distY” <t <oslp-x+ distY+),

Proof. See Appendix D. O

Example 2. Recall termt = — | =3z + z| —x from Ex. 1, with oslp = 2. We have distY™ = —z
and delta¥Y = 1, which implies that 2z — z < — | -3z 4+ z] —x <2z — z+ 1.

We next express that a function defined by a LIRA term is composed from the linear segments
between two discontinuities. Therefore, we compute the upper limit lim{ of a LIRA term ¢
(Def. 3) and derive each segment’s distance to origin (Def. 4).

Definition 3 (Limit). The limit term lim{ of a LIRA-term t wrt x is defined by recursion on
t, as:

limy =y limi,, = lim{ + lim{
lim¥ =1 e — Llim{ | if sslpy >0
limy, = k- lim{ Lt] [lim{] —1 ifsslpf <0

We write lim, for lim{ if x is clear in the context.

Example 3. The term t = — | =3z + z| — x of Fig. 1.b has lim, = |3z — 2| + 1 — z.

2Ex. 14 in Appendix A.1 shows that finding tight(er) bounds is very expensive
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Definition 4 (Segment Line). The segment distance dseg,(xo) of a LIRA-term t at xq is:
lim{ [xo]

sélpt(J
The segment line of t at xo is sslp, - © + dseg,(xg), whereas zero,(xzg) is the zero of the

segment of t at x.

Example 4. Int from Fig. 1.b, we have dseg(b) = |3b — z| + 1. Hence, dseg(—1/3) = |—z],
dseg(—1) = |—z] — 2, and zero(b) = dseg(b). The dotted lines of Fig. 1).b show sslp - = +
dseg(—1/3) and sslp -z +dseg(—1), with the corresponding zeros zero(—1/3) and zero(—1). The
lines’ distances to the origin are dseg(—1/3) and dseg(—1).

dsegy (xo) = —sslp} - g + lim[zo] zerof (x0) = 2o —

We next introduce the set breaks™ of discontinuities, which is infinite but periodically re-
peating. We therefore specify finite sets breaks of terms with a formal parameter Z, capturing
that if ¢ + pZ € breaks then {t + pz | z € Z} C breaks™.

Example 5. For — |3z + z] — x in Fig. 1.b, we have breaks™ = {Z + £ | i € Z} and
breaks, = {% + 37Z}.

To define breaks™, we compute the intersection of infinite sets defined by ¢ + pZ with
constant-sized intervals (I,{ 4+ q ) (I,t € T,q,p € Q=°), using grid instersections.

Definition 5 (Grid Intersection). For s,t € T and p,k € Q°, the grid intersection is
(s +pZ) N (t,t + k) = {starty+np | n € N,np <) k}
where
% =t remy(s —t)  [t+¢]7" = [t +p)*T77 start; = [t] stel < =<
[P =t —remy(t —s)  [t—e]"TPP =t —p""P"  start = [t+"TT < =<
Intuitively, a term ¢t 4 pZ is a grid that starts at value ¢ and repeats with period p. The

operation M intersects this grid with an interval, whereas the operations |s|" "% and [s]""%%
are rounding the grid value next to s. We thus have the following result.

Lemma 3 (Grid Intersection). (s+ pZ) N (t, ¢+ k) 2 ({s+pz|z€Z}N(t,t+ k)
Proof. See Appendix D. O

Example 6. Consider the interval [a,a + 4) and the grid 1+ 2Z. As
I=(1+2Z)N[a,a+4) = {[a]"™" +i|ic{0,2}} = {a+remy(1 —a)+i|ie {0,2}},
we obtain I = {1 —2[15%],3 —2|152|}. Hence, the values in I are in G = {142z | z € Z}.

Further, since remy(1 —a) € [0,2) yields that [a]' ™"
in GNa,a+4), which means I C GN[a,a+4).

= a+ rema(1 — a) is the smallest value

We have now all ingredients to define the set breaks of discontinuities, using over-
approximation as for linear bounds (Lem. 2).

Definition 6. The set of discontinuities breaks; of a LIRA-term t wrt variable x is defined
by recursion on t, as:

breaks; = breaks; = 00 breaksy if sslp, = 0
breaks;, = breaks; breaks(;| = ¢ {zero,(0) + per|, | Z} if breaksy = ) & sslp, # 0
breaks?, , = breaks? U breaks; breaks; U breaksInSegy if breaksy # () & sslp, # 0

8
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b+ per | Z | b€ (zero(bo) + - Z) M [bo, bo + pi™") where

sslp,
bo € (by + pZ) M [by, by + per ) where
bl + pZ € breaks,

breaksInSegy

Pt = min{p | b + pZ € breaks}}
breaks;"™ = {t + pz | z € Z,t + pZ € breaks; }

The piecewise linearity of functions defined by LIRA terms is then expressed as: between any
two neighbouring breaks b™ and b~ the term ¢ is described by a linear function sslp-z+dseg(b™).

Lemma 4 (Piecewise Linearity). Let Z be an R-interpretation, © € V and t a LIRA-term
such that breaks # () and b~ € breaks™. Let b* = min{b | b € breaks®™,Z = b > b~ }, and
t+ e {+,—}. Then

ITEVze (b ,bh),yc[b,bh). (t[x] =~ lim,[z] ~ sslp - = + dseg(y)) .

Proof. See Appendix D. O

LIRA Literals. Let us now introduce some key properties of LIRA literals that will allow
us to specify finite elimination sets. We assume LIRA literals to be normalized to ¢ ¢ 0, and
distinguish two kinds of LirA-literals: A LIRA literal is called periodic if oslp, = 0 and aperiodic
otherwise. Periodic literals’ solution sets repeat periodically, which allows us to finitely specify
the lower bounds of their solution sets using Z-terms (formally defined in Sect. 4.2), while
aperiodic literals only have a finite number of solution intervals that can be found using the
bounds of their so-called core interval (Def. 7).
Fig. 1.b shows that the solutions of periodic literals repeat in a periodic manner:

Lemma 5 (Periodic Literals). If L =t 0 is a periodic LIRA-literal (oslp, = 0), then
R {=Vy.(L[z] ¢+ L[z + per, |y]])

Proof. See Appendix D. O

Example 7. Consider the literal Ly =t > 0, witht = [2]—x—c¢, oslp, = 0 and per, = 1 from the
motivating example of Sect. 2. We have t[x+ |s| | = t[z] for any s. Hence, L3[x+ |s]] <> Ls[x].

The truth values of aperiodic literals do not repeat. Instead they have a constant limit value
lim®> and a so-called core interval.

Definition 7 (Core Interval). Let t be a LIRA-term with oslp, # 0. The core interval of t is
[distX;, distX;"], where

disty 8" (sIPe) deltaY
_dstry deltaX; = aeftary

distX; = | |
oslp, |oslp|

distX;” = distX; + deltaX,

Bounds of the core intervals are given by the zeros of the linear bounds from Lem. 2. Within
a core interval, a LIRA literal may be evaluated to both true and false, while outside of the
interval the literal’s value is equal to the constant value IimfOO € {T, L}, as next given.
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Lemma 6 (Limit Value). If L =t <0 is an aperiodic LIRA-literal (oslp, # 0), then the values
outside of the core interval of t satisfy the following:

R | Vz < distX; .(L[z] < lim;>) R |= Vo > distX]".(L[z] ¢ lim}>)
where
limsy =L limigy =T limy = doslp > 0
Proof. See Appendix D. O

Example 8. Consider again our term t = — [—3x + z| —x and the literal L =t > 0. We have
distX™ = Z1, deltaX = 1, lim7> = T and lim;*>° = L. Therefore, L is L for all values less
z

than Zgl and T for all values greater than 3

4.2 Virtual Substitutions in VIRAS

Recall that virtual substitutions do not replace variables by regular terms, but by virtual terms
from an extended language. Formally, we have the following.

Definition 8 (Virtual Term). A virtual term v is a sum t + ec + 2Z + ico with t € T, e €
{0,1},2 € Q=% € {0,+,—}, where z = 0 or i = 0. We may omit summands with zero
coefficients. We write Z(v) = z, e(v) = e and co(v) = i. A virtual term is plain ife =z =i =10
and proper otherwise.

The new symbols &, Z, oo do not occur in the result of applying virtual substitution. Instead,
the wvirtual substitution function (Def. 9) eliminates these auxiliary symbols, as follows. As e
represents an infinitesimal quantity, we compute L[z / s+¢€] by replacing it by lim,_, .+ L (cases
4-5 of Def. 9). The summand oo represents an infinitely large constant that is divisible by every
rational number. Thus we compute ¢z / ¢ £+ oo] by replacing all aperiodic literals A € ¢ by
lim%>® and replacing periodic literals P € ¢ by P[z // t] (case 3 of Def. 9).

Virtual terms ¢ + pZ represent infinite sets of substitutions: ¢[z /¢ + pZ] is true iff 3z €
Z.¢[x [/ t + pz]; hence, we compute a finite subset finfﬂ,Z C {t+pz | z € Z} such that
Jz € Z.gJx [t +pz] « vt’efinfﬂ,z oz J t'] (case 1 of Def. 9). Such a finite subset was given in

Sect. 2, where fin%5 = {|a) + 1}, the smallest integer satisfying the lower bound |a] + 3.

Definition 9 (Virtual Substitution). A wvirtual substitution function ofo J/ o] maps a
conjunction of LIRA-literals, a variable, and a virtual term to a formula. We write ¢[t] for
o[z ) t]. Let ¢ be a conjunction of LIRA-literals, t a term, v a virtual term with Z(v) = 0,
P={Le€¢|L isperiodic }, and A={L € ¢ | L is aperiodic }. Then,

1. plx ft+es+pZ]l= \ ¢z )t + ec] where
t'efind,_
VI if VL e Alimp™ =T:  fin{_, ={stoo|se (t+pZNtt+))) }
V2. if AL € A.L = u ~ 0: finf, 7 = (t + pZ N [distX g, distX ])
V3. otherwise: ﬁ”f-s-pz = U (t + pZ 1 [distX], distX] + A])

LEAlim;®=1
A =lem®({p} U{per, | L € P})

2. (N Dz o] = A (L= Jo])

Leg Leg

10
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limEe

B 300 if s©0 is aperiodic (oslp, =0)
5 (so0)e fvtoo] = {(800)[[:10 Jv] if so0 is periodic (oslp, #0)

(-)L if sslp, # 0

44®ﬁzmhw+ﬂ:{@mmmzoﬁwm=0

limt] >0 ifsslp, >0
5 (s20)z/t+e] =< lim] if sslpg, =0
lim,[t] >0 ifsslp, <O

=
RV
o

6. (so0)[x Jt] = s[x/t] 0

Note that for finding finf_s_pZ in general (case 1 of Def. 9), we use periodic literals (Lem. 5)

and core intervals (Lem. 6), as follows. Literals L with lim};> = T and lim;* = L can only be
true from the beginning of the core interval [distX] , 00), thus we only need to instantiate with
values in this interval for every such literal. Further in the interval (distX™, oco) the literal L will
always be IimzOO = T, while the truth value of periodic literals will repeat with a period of A.
Thus if there is a solution in (distX™, 00), then there must be one in (distX™, distX™ + A]. This
means it is sufficient for fin‘fﬂ)Z to contain all values in [distX},distX} + A\ N {t +pz | z € Z}
for such L. This reasoning correponds to case (V3) of Def. 9 and illustrated in Ex. 15 in
Appendix A.1. The cases (V1), (V2) of Def. 9 handle formulas where there is no such literal L.
The cases (V1), (V3) of Def. 9 generalize Cooper’s method for Lia [7], as discussed in Sect. 5.

4.3 Quantifier Elimination via Elimination Sets

To find sufficient finite elimination sets, we proceed as follows. If there is some x such that a
formula ¢ is true, then z is an element of some solution interval I of ¢. Therefore, ¢ is true
for the lower bound of I. Hence, if we take all terms that might be lower bounds of a solution
interval of any literal of ¢, we obtain an elimination set for ¢. It is easy to see that Jx.¢ holds
if there is a t such that ¢[t] holds; thus we may compute an over-approximation of the exact
set of lower bounds.

Example 9. In Sect. 2, the solution set of L3 is |J,c, (2,2 + 1 —c|]. Hence, we may derive an
elimination set as {z+ ¢ | z € Z}, which is finitely represented as {Z + ¢}.

Definition 10 (Elimination Set). The elimination set elim®(¢) of a conjunction of literals
¢ with respect to the variable x is defined in Fig. 2.

Let us make the following remarks upon Def. 10. If breaks = (), we have a simple linear
function; in this case, the lower bounds of the solution intervals can be computed as in LRA.
For literals ¢ ©0 where breaks, # 0, firstly notice that every discontinuity b of ¢ can be the lower
bound of a solution interval [b, b]. Therefore, we add ebreak to the elimination set. For periodic
literals, ebreak is breaks, a finite representation of the full infinite set of discontinuities, while for
aperiodic literals we only add discontinuities within the core interval (distX ™, distX"). Between
any two discontinuities, ¢ can be described as segment of a linear function (Lem. 4). Therefore,
we find the lower bounds eseg of the solution intervals of these segments using the zeros of the
segments zero(b), as well as the discontinuities b bounding the segments. For periodic literals,
we only consider all periodically repeating values; whereas for aperiodic literals consider those

11
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for conjunctions of literals ¢ and ): elim®(¢ A ) = elim®(¢) U elim® ()
if breaks = )

elim(t<¢0) = {—o0} ifsslp=0
elim(t # 0) = {—o0, zero,(0) + ¢}
elim(t ~ 0) = {zero,(0)}
{zero,(0)} ifsslp>0& 2 =
elim(t 2 0) = ¢ {zero,(0) + ¢} ifsslp>0& > =>
{—o0} if sslp <0

|
Y

if breaks # ()

ebreak U eseg if 0 is periodic

elim(to0) = {

ebreak U eseg U ebound™ U ebound™  if ¢ ¢ 0 is aperiodic

ehound* — {d?stXi,distX* + ¢} %f |imi°° =T
{distX"} if im™° =1
istX ™, —oc} if lim ™™ =T
e o
{distX"} if im™ =1
cbreak — {b+pZ | b+ pZ € breaks} if t ¢ 0 is periodic
rean = U{(b+ pZ) M (distX ™, distX )| b+ pZ € breaks} if t o 0 is aperiodic
{t+ ¢ | t € ebreak} ifsslp=0orsslp <0&oe{>>}
{t+¢e |t € ebreak} U {t |t € ezero} ifsslp >0& o€ {>}
eseg = {t+e |t €ebreaklU{t+¢e |t cezero} ifsslp>0&oe{>}
{t + ¢ |t € ebreak U ezero} if sslp £ 0 & o € {#}
ezero if sslp #0 & o € {~}
{zero(b) + pZ | b+ pZ € breaks} if t ¢ 0 is periodic
erero {zero(b) | b+ pZ € breaks} if t ¢ 0 is aperiodic & oslp = sslp
- zero(b) + (1 — ﬂ)pZ b+ pZ € breaks | if t ¢ 0 is aperiodic & oslp # sslp
U sslp
M(distX ™, distX™)

Figure 2: Definition of the elimination set elim” computed by VIRAS.

in the core interval. Both eseg and ebreak are limited to the core interval (distX™,distX™) for
aperiodic literals, thus we also need to cover the lower bounds ebou nd* of solution sets outside
of the core interval.

Based on our definition of elimination sets and virtual substitution, we obtain the following
result, asserting that elim® can be used to eliminate existential quantifiers.

12
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Theorem 1 (Quantifier Elimination). Let ¢ be a non-empty conjunction of LIRA-literals.

RE3Jzge \/ o[t

teelim(¢)
Proof. See Appendix D. O

Example 10. Consider formula ¢ from Sect. 2, with
elim®(¢) = elim®(la] + £ < z) Aelim®(z < |a] + 2) Aelim™([z] —z > ¢)
=elim™(z — [a] — 3 > 0) Aelim®™(|a) + 2 — 2 > 0) Aelim®(|z] —2 —c > 0)
t ta t3

As breaks, = breaks,, = ), we compute the elimination sets elim”(t; > 0) and elim®(ty > 0),
resulting in elim®(t; > 0) = {— [a] — £} and elim®(ty > 0) = {—oc}.

Forelim®(t3 > 0), we have breaksy, = {Z}. Asts > 0 is periodic (oslp;, = 0), the elimination
set elim®(t3 > 0) consists of all discontinuities ebreak = breaks = {Z} and eseg. The intuition
of eseg is the least value t within two breaks t € (b—,b+) for which ts > 0 can hold. As the slope
of the segment is negative sslp,, = —1, this value must be b~ + €. Therefore, eseg = {b+e|be
breaks} = {Z + €}. Thus, we derive elim®(¢) = {— |a| — %, —00,Z,Z + }.

5 VIRAS and Related Methods

We discuss and highlight the main differences of VIRAS compared to the state-of-the-art algo-
rithms in solving quantified linear arithmetic problems. In a nutshell, we generalize Cooper’s
method [7] for LIA to be used with LIRA while allowing for additional optimization for equality
literals. Further, virtual substitutions in VIRAS yield an exponential speed-up compared to the
method for solving LIRA described by [20]. As a result and thanks to its LIRA reasoning, VIRAS
solves problems that state-of-the-art SMT techniques [8, 3| fail to solve.

VIRAS Generalizations upon Cooper’s Method. While Cooper’s method [7] imple-
ments a QE procedure only for Lia, our VIRAS calculus solves full LIRA formulas®. Similarly
to VIRAS splitting literals into periodic P and aperiodic literal A (Def. 9.1), Cooper’s method
splits a formula ¢ = LAUAD into literals capturing lower bounds £, upper bounds I/ and divis-
ibility constraints D. The solution to D are found by (i) computing A, the lem of all divisibility
constraints, and (ii) instantiating D with one number for every congruence class modulo A. For
also solving £ AU, the formula ¢ is instantiated with {I,...,1+ XA — 1} for every lower bound
x > 1 € L. Generalizing Cooper’s method to LIRA is however not straightforward, as bounds
and equivalence classes over R differ from the ones over Z. While Cooper’s method requires
that a solution to D is one of the congruence classes {0...A—1}, as proper real numbers (R\ Z)
cannot be captured by these equivalence classes. In VIRAS, we therefore compute equivalence
classes of solutions using elim over Z-terms (e.g. using % + 27). We compute values of these
equivalence classes to be the closest values the lower bound literals L (L € A,lim™*L = L in
item (V3) of case 1 of Def. 9), using core intervals of these L and A. Cooper’s method contains
an optimization for formulas where £ or U is empty, we implement this optimization in (V1).
An additional optimization offered by VIRAS that is not present in Cooper’s method is (V2).

3Note that Lia (aka. Presubrger Arithmetic) is sometimes defined with an auxiliary divisibility predicate
q |t (read “q divides t). This predicate can be expressed in LIRA as Jz.q |z] = t.

13
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Exponential Speed-Up of VIRAS. The work of [20] provides a quantifier elimination
procedure for LIRA based on the following idea. A variable x is split into its integer |z] and
fractional & — |z | parts, allowing for the separate uses of external QE procedures for L1A and
LRA, respectively. Doing so, formula preprocessing comes with a heavy normalization burden:
formulas are normalized such that their literals are of the form jz + k |2 +t ¢ 0, where = 4 ¢.
With such normalizations, Ex. 11 shows an exponential blow-up in the formula size. Unlike this,
VIRAS does not use external QE procedures but operates directly on LIRA terms, implementing
virtual substitutions.

Example 11. We illustrate the VIRAS benefits in avoiding the expensive normalizations of [20].
Let n € N>V and t; € T such that x £ t;. Consider the formula ¢ = >\ | |2z +t;] ~ 0.

The work of [20] normalizes ¢ to ¢ = \/?1=0 . ..\/?n=0 i@zl + i+ [t]) ~ 0 and
eliminates quantifiers of ¢'. Note that the size of ¢’ is O(3™) in the size of ¢.

In contrast, VIRAS computes the elimination set of ¢ as elim(¢) = (ebreak) UesegUebound ™ U
ebound™ where |ebound™ U ebound ™| is O(1) and |(ebreak)| is O(|breaks|2deltaX) in the size of
¢. Asbreaks = {—4 +Z| i€ {1...n}} and deltaX = 2n, we derive |(ebreak)| being O(n?) in
the size of ¢. Further, the size of eseg is O([ebreak)) = O(n?). Using Theorem 1, VIRAS thus
solves ¢ exponentially faster compared to [20)].

Solving Quantified SMT Problems in LIRA. Thanks to its sound and complete LIRA
reasoning, VIRAS solves LIRA problems that existing SMT techniques fail to solve, like the
example below.

Example 12. Consider the formula:

Vm,z.([erz]>Lx+zj/\[z}%{zj%maéx) (3)
L Ly Ls

Literal Ly is true iff x + z is not an integer, Lo is true iff z is an integer and Ls is true iff
x s not an integer. Formula (3) thus captures that, if the sum x + z is not an integer and z is
an integer, then x cannot be an integer, which is clearly valid. Existing SMT techniques [8, 3]
fail to solve (3), whereas VIRAS can easily prove* (3).

Conflict-Driven Reasoning. A complementary approach to VIRAS comes with conflict-
driven proof search for arithmetic reasoning [15]. Within [15], validity of Jz;...z,.¢ is
(dis)proved, where ¢ is a conjunction of literals. Therefore the algorithm attempts at building
a satisfying assignment xq < t; ...z, < t, using terms from the elimination set for ¢;. If the
assignment makes ¢ true, d¢ must be valid. Whenever some partial assignment makes ¢ false,
we speak of a conflict. Then a lemma is learned to block the generation of such a conflicting
assignment, and proof search backtracks. When no more backtracking is possible, ¢ is unsat-
isfiable. While learning lemmas is central in [15], the approach is limited to elimination sets
with plain virtual terms, that is to virtual terms not containing € or +oo, which is essential for
VIRAS. In Sect. 6 we generalize lemma learning from [15], allowing us to handle proper virtual
terms and improve VIRAS with conflict-driven proof search.

4see Appendix A.2
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6 Conflict-Driven VIRAS

For extending VIRAS with conflict-driven lemma learning during proof search as introduced
in [15], we need to resolve the following limitation. In case [15] identifies an assigment x < ¢ as
a conflict, the approach will introduce a lemma z % ¢ ° to exclude this assignment. Simply using
this approach in VIRAS is not sufficient since [15] can not handle the assigments of x + ¢ + ¢,
as ¢ % t + ¢ is not a formula in our LIRA signature. To address this limitation, we introduce
a function lemma, (Def. 12) to generate lemmas that exclude assignments for arbitrary virtual
terms ¢t from Def. 8; in particular, we generate e-lemmas and oco-lemmas. In order for the
calculus using the lemma function lemmay to be sound, we impose that, if ~¢[z / ¢] and ¢[z],
then lemmagy(z # ¢) (Lem. 7.1). Further, to ensure completeness of lemmay, we exclude the
current assignment —lemmag(x % t)[x /t] (Lem. 7.2). In what follows, we formalize this setting,
allowing us to integrate VIRAS with conflict-driven proof, resulting in our improved CD-VIRAS
calculus for QE over LIRA formulas Jx.¢.

e-Lemmas We first focus on finding a lemma that is false when we virtually substitute x
by t 4 €; we denote such lemmas as e-lemmas. For these lemmas, we can use any formula
x <tVu <z for any u > t. To find such a u reason as follows. If ¢ does not hold at some point
t+e, there must be some non-empty interval (¢, u) where ¢ does not hold. ¢ can only change its
truth value at a value v when one of its literals s ¢ 0 changes its truth value at v. For deriving
an e-lemma, we use Fig. 3 to compute nxt] (¢ + €) as an overapproximation of the set of all
such v. In particular, if breaks, = (J, the truth value of s ¢ 0 can only change from false to true
if the linear function defined by t[z] intersects with zero. Note that literals —z > 0 can only
change their truth values from true to false, but not from false to true; hence nxt _,(t) = 0.
If breaks, # (), then s ¢ 0 can only change its truth value if either the line segment of s at
point ¢ + ¢ intersects with zero (curZero(s + ¢) in Fig. 3) or at the next discontinuity b where
that segment ends (nextBreak(s + €) in Fig. 3). Based on this reasoning, we introduce formula
inFaIseIntervaIﬁ{€ () to define an interval I with lower bound ¢ 4 &, that includes only values
for which ¢ is false (given @[t + €] is false).

Definition 11 (False Interval). Let ¢ be a conjunction of literals. The false interval of ¢ at
t + ¢ is denoted as inFaIseIntervaIers(x) and defined in Fig. 3.

Example 13. Consider the formula ¢ = Ly A Ly, where Ly = [z] — |z] — 1 > 0 and
Ly=xz—|z— 1] +1>0, and we want to find a lemma to exclude an assignment () | © < .
In this case we have nxt] (g) = nextBreak = {1}, and nxt]_(c) = nextBreak(e) U curZero(c) =

{3 +e}U{0}. This means that

inFalselnterval? (z) =0 < x A /\ (e<e—z<e)A /\ (e<e—xz<e)

e€nxt] (e) e€nxt; (¢)
1 1
=0<CU/\(€<1—>1'<1)/\((5<§+€—>1’<§+8)/\(6<0—>$<0))

1 1
:0<xA(0<1—>x<1)A((0<§—>x§§)A(0<0—>x<0))

1 1
<:>0<ac/\:c<1/\x§§<:>0<x/\x§§

So we derive the lemma x <0V % <.

5To see how derivations and lemma derival works in detail see Ex. 16 and 17 in Appendix B.2
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inFaIseIntervaIerE(x) =t <xANpey /\eenxtz(t+€)(t te<e—x<e))

s+e<t =s<t s<t =s<t
sSt+e<tt+e=s<t s<t+e=s<t

if breaks = ()
nxt) (s +¢) =0 ifsslp=0
1 > =
axtlo (s + £) = {zero, (0)} } {zero,(0)} ifsslp>0& 2 =>
ot To(s &) = 0 nxt;>o(s +¢) = { {zero,(0) + ¢} ifsslp >0& 2 = >
30 = 0 if sslp <0
if breaks # ()
nxt,)o(s 4 €) = nextBreak(s) if sslp =0

nxt,, (s 4 €) = nextBreak(s) U curZero(s +¢) if sslp # 0

b+pZ

nextBreak(s) = {[s + €] | b+ pZ € breaks}

{zero,(s) +e} ifo=>&sslp>0
curZero(s) = ¢ {zero,(s)} ifo=>&sslp>0oro ==~
0 ifoe{>>}&sslp<Ooro ==

Figure 3: Definition of inFaIseIntervaIf+E(x).

oo-Lemmas We next derive lemmas to exclude assignments using virtual terms containing
+o0; we refer to these lemmas as co-lemmas. For ¢z /t+o0] to be false, there are two options:
(i) either one of its aperiodic literals L has a limit Iim%oo = 1, or (ii) one of its periodic literal
L is false at ¢. For (i), we simply derive the co-lemma of = < distX] or distX; < z. For (ii),
our oco-lemma has to exclude the solution ¢. A naive approach would derive the co-lemma of
x % t; this lemma however not suffice as Iimwigt’ = T, hence (z % t)[t £ o] = T. Therefore,
we need to find some periodic literal that excludes the solution ¢. As L is periodic, we have
L[t] <> L[t + A |z]], thus we obtain the co-lemma remj(x) =~ remy(t), which is equaivalent to
x &~ t + A(quoty (z) — quot, (t)); this co-lemma is to be used for any ¢ that does not contain
€. With a similar reasoning for ¢ 4+ € + oo and by using e-lemmas, we derive the co-lemma

. @
—inFalselntervaly’ \ (uor, (2)—quot, (1)) (x).

Z-flattening Lemmas for virtual terms ¢t+pZ could be computed similarly to co lemmas using
rem,(t) % rem,(x). Nevertheless, virtual substitutions with Z-terms pose another challenge:
as [15] transforms literals into disjunctions, the assumption of ¢ being a conjunction of literals
required by the conflict-driven framework is violated. We resolve this difficulty by transforming
the elimination set elim® into the flattened version elimf,,(¢) = {t | t + 0Z € elim®(¢)} U

U{fi”fﬂ,z |t + pZ € elim®(¢),p % 0}. 1t is easy to see that Vceime (o) P[t] = Viceims(4) @[t],

hence elimg,,(¢) fulfils Theorem 1 as well, but does not contain any Z terms.  Therefore we
use elimg,, instead of elim”, allowing us to only deal with conjuctions of literals and replacing
the need to generate lemmas for Z-terms.
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LEAF CONFLICT

(F,S,L) F (F,S,LU{\/}_ lemmap(z; % t;)})
whereS = (X1  t1,...,2p < tg)
if F'// S is trivally inconsistent and L /S is not trivially inconsistent

INNER CONFLICT

(F,S | @+ L, L) F (F,S | o — L, LU{\V " lemmap(z; % t;)})
whereS = (x1 < t1,...,Tp—1 < tp_1)
if L /S is not trivially inconsistent

Figure 4: Rules of the CD-VIRAS calculus, that differ from those of CDVS.

CD-VIRAS By using e-lemmas, oo-lemmas and Z-flattening, we combine VIRAS with
conflict-driven proof search, resulting in our CD-VIRAS calculus. Doing so, we ajdust only
two rules from [15], namely INNER CONFLICT and LEAF CONFLICT as named in [15]. Instead
of lemmas \/,.; ; % t; introduced by these rules in [15], in CD-VIRAS we use the lemmas
Vierlemmagy(z; % t;) using the lemma function lemmay defined below. The modified rules are
given in Fig. 4.

Definition 12 (CD-VIRAs Lemmas). Let ¢ be a conjunction of literals, t a term, and A =
{L|L € ¢,0slp;, #0}. The lemma function of CD-VIRAS is defined as: conflicts are:

lemmagy (x % t) =z #t

lemmay (x % t+¢) = ﬂinFalseIntervalf’+E(x)

lemmay (z %t + ec + 00) = x < distX] if limf> = L for some L € A
lemmay (x # t+ ee — 00) =distX] <z if lim;*° = L for some L € A
lemmagy (2 % t £ 00) = remy () % rem(t)

lemmag (x #£t+ecto0) = ﬂinFalseIntervalﬁ)\(quotk(I)fquotk(t))Jrg(:c)

Soundness and completeness of the lemma function is established next, yielding that the calculus
CD-VIRAS itself is sound and complete.

Lemma 7. Let ¢ be a conjunction of literals and v be a virtual term with Z(v) = 0. Our
Junction lemmagy satisfies the following properties:

1. =[x ) v] = V(¢ — lemmay(z % v)). (soundness)
2. —lemmagy[z / v]. (completeness)
Proof. See Appendix D. O

Using Lem. 7 soundness and completeness of the calculus CD-VIRAS can be proven in the
same way as in [15]. Lem. 7.1 is needed for soundness, while Lem. 7.2 is needed for completeness.
6

6For a detailed explanation of the proof we refer to Appendix B.3.
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7 Conclusion

We introduce the VIRAS calculus as a new quantifier elimination procedure for solving quantifier
formulas with mixed linear integer-real arithmetic. VIRAS uses virtual substitutions and can
be integrated with conflict-driven proof search. Computing more accurate bounds distYi, as
well as more accurate discontinuity sets breaks, is an interesting line for future research, with
the purpose of more efficient proof search. Implementing VIRAS is another challenge for further
work. We pointed out that our method gives an exponential speed-up over [20] for some classes
of formulas. Nevertheless finding actual complexity bounds for our method remains for future
research.
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A Additional examples

A.1 Virtual Integer Real Arithmetic Substitution

We give addition examples for Sect. 4.

LIRA-Terms

Example 14. Let inZ(x) = 1 — [z]| + [z|. This function is 1 for x € Z and 0 otherwise.
Consider s = inZ(x +t) — inZ(z + u). There are two cases: Either t — |t] =~ u — |u], which
means that s = 0 for all x, or s can take each of the values in {0,1,—1} depending on x. This
means depending on t and u the tightest deltaY can be either 0 or 2. Thus finding the tightest
value for deltaY requires checking validity for of formula t — |t] ~u — |u].

Further this example demonstrates that finding the exact set of discontinuities is hard.
Depending on whether ¢ — |¢| ~ u — |u], the discontinuities of s could be {—t + Z,u + Z} or (.

Virtual Substitution We give the following example case (V3) in Def. 9.

Example 15. Consider ¢ =t > 0Az < 0 Aremz(z) = rems(c) A rema(z) % 1 with t =
— =32 + z| — x as in our examples from before. When computing the elimination set we will
get the virtual term c + 3Z. We split the formula into all aperiodic literals t > 0 ANz < 0, and
all periodic literals P = remg(x) = remg(c) Aremy(x) % 1. If there is some t' = ¢+ 3Z such that
o[t'], then, due to Lem. 6 t' has to be either in the core interval [zgl 5] of t >0, or it has to
be greater than distY; = s to make t > 0 true.

Due to Lem. 5 we know that the truth value of all literals in P will repeat if we add or
subtract A = lcm®{per, | L € P} = 6 to t'. Therefore if there is some t' € (distX]", 00), where
¢ holds, then there must also be such a t" € (distX;", \].

Combining this we know that it is sufficient to substitute ¢ with {c+3z | z € Z} N[5, Z +6]
which — as we know by Lem. 8 — can be over-approzimated using (¢ + 3Z) M [zgl,g + 6] =
- ls g+ 4l e 55+ 84855+ 4 +6)

A.2 Solving Quantified SMT Problems

We demonstrate how VIRAS proofs validity of the formula ¢ from Sect. 5. Let us now see
how VIRAS solves this problem. In a first step we normalize the problem to be able to apply
quantifier elimination:

¢=vx,z.([x+z1 >z 42 A[2] ~ 2] = |z] m)
<:>—E|x,z.—|([x—|—z] > |z+ 2] AJz] = |z] = |z] aéx)
@ﬁﬂm,z.(fm—&—z] >z +z)A[2] = 2] A|z] %x)
<:>—E|x.32.<fx+zl—pc—|—zj >0A[z] — 2] %0/\&,—_1‘/%0)

t1 to ts

Then it will compute the elimination set for z to eliminate the first quantifier 3z. elim®(¢) =
elim®(t; > 0) Uelim*(t2 = 0) Uelim®(t3 ~ 0). We have oslp,(t1) = oslp,(t2) = oslp,(t3) = 0 and
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sslp,(t1) = sslp,(t2) = sslp,(t3) = 0, thus

elim®(t; > 0) = (ebreak) U eseg = breaks; U {b+¢ | b€ breaks; } = {—z+Z} U{—2+¢c+7Z}
elim®(ty ~ 0) = (ebreak) U eseg = breaks;, U {b+ ¢ | b € breaks;, } = {Z} U {e + Z}
elim®(t3 = 0) = {—oc0}

. We transform the quantifier into a disjunction and simplify:

&
—Jz,z.([z+2] - lz+2] >0A[z] = 2] ®O0A 2] —2 =~ 0)
H/—/ ~——

21 ts
(t1>0/\t2~0/\t3~0)[[z/ —o0]
V(t1>0Ate m 0Nty = 0)[z ) Z]
= 3. [ V(6 >0Nte = 0Ats=0)[z ) Z+¢€]
V(t1 >0Nt, ®0At3 = 0)[z ) —z + Z]
V(t1>0At, " 0At3 =~ 0)[z ) —2+Z+€]
(t1>0Ata = 0Ats = 0)[z /0]
% \/teW (t1>0Ata = 0At3 = 0)[z /1] y
= —Ja. tefm. (1> 0Nt~ OAts ~0)[z /1] .J'”Z = {0}

In7w+Z = {—Jf}
t€f|n

v\/teﬁn%+Z (t1>0Atam 0Nty = 0)[z / t+e€]
(t1 > 0Ata = 0Ats = 0)[z /0]
(t1 > 0Ata = 0Ats = 0)[z /0]
(t1 >0Nta m 0Nty = 0)[z ) —x]
(t1>0Ato 0Nty ~0)[z ) 0+¢]
(t1>0/\t2~0/\t3~0)[[z// —z+£]
(t1 > 0Nty = 0At3 =~ 0) [2/0]
v (t1 > 0Nty ~ 0Nty ~0) [
< —Jz. | v (lim] > 0Alim{, = 0Alim; ~0) [Z/O
) |

)
)
\ (t1>0/\t2%0/\t3%0)ﬂ,2’/t+6]]
)
V
<— —dx. | V
V
vV

z/ — x]

V (limf, > 0Alim, ~ 0A lim}, ~0) [z/ —
—~— —~— ——
1 1 lz|—=
[2] = |z] >0AN0=O0A 2] —2~0
Y 1>0N1=0A|z]—z=~0
<= —dw.
VO>0A[—z]— |-z =0A[z]—2~0
v 1>0AN1=0A|z]—2~0
¢/I
— —Jz.([z] = |z] >0A |z] —2=0)
—— ——
Ul u2
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Next we compute the elimination set elim®(¢”) = elim®(u; > 0) U elim®(ug = 0):

elim®(u; > 0) = (ebreak) U eseg = breaks;, U {b+ ¢ |b € breaks;, } = {Z,Z + ¢}
elim®(uy ~ 0) = (ebreak) U eseg = breaks;; U ezero = {Z} U {Z}

Therefore we can eliminate the quantifier 3= and simplify:

, (u1 > 0 Aug =~ 0)[x ) Z]
—3z.¢ ‘:h< v (u1>0/\uz%0)[[$//z+5]]>

<:F< Ve (> 0z = Ol /1 ) fing = {0}

v \/teﬁngn (u1 >0Au = 0)[z J t+ €]

(u1 > 0 Aug = 0)[z /0]
‘E’ﬁ(v (u1>0/\u2%0)[[33//8]]>

0>0A[0]—0~0
‘:’ﬁ( Vo lim® > 0[z/0] A L )

Sol=T
Thus we established that ¢ is valid.

B Conflict-Driven VIRAS
B.1 CDVS Explanation

CDVS tries to proof or disprove that a conjunction of literals F' = A F; where all variables are
existentially quantified is valid or unsat. Derivations are preformed on states (F, S, L), starting
with (F,(),0). L is a set of lemmas, that is successively grown and S = () | z1 < 11 | ... |
Ty < Uy is a list, that represents partial assignment for the variables x;, with every v; being of
either a pair (¢;,J;) of a virtual term ¢; and a term J;, L or ?, where L or ? can only occur as
the last element v,. An entry in x < (¢, J) is to be understood as “the variable z is virtually
substituted by ¢ which is a member of the elimination set of the literal J > 0”. We write F'/S
for Flzy J/ t1] ... [zn // ta], if 7 and L do not occur in S. An entry = + L can be understood
as “no term in elim”(F/S) is consistent with our lemmas L/S” and x <7 can be understood
as “assign some value from the elimination set for x next”. The algorithm then starts to add
x + (t,J) for some t € elim”(F) to S as long as choosing these assignments are consistent
with the lemmas L. If we arrive in a state where F/S is trivially true and does not contain
any variables, we know that F' is sat, and the algorithm terminates. This means that for sat
instances CDVS does not have to enumerate all elimination sets, but can terminate early in
some cases. If in some state F/S is trivially false we found a so-called leaf conflict, and if we
arrive at a state where S = 5’ | x,, + L, we found a so-called inner conflict. Either of these
conflicts means that the current assignment S is infeasible, which means the algorithm has to
learn a lemma that will prevent it from choosing the same assignment again, then backtracks
and continues proof search. If no backtracking can be performed the algorithm returns unsat
as this means any assignment makes F' false.

B.2 Examples

In order to see why extending the lemma learning to proper virtual terms is not straightforward
consider the following example:
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¢>=xZ 0N N2 Z1ANTZx

<¢27 <>7 ®> < > <>v ®>
(¢ Olz<? 0) (o>, (o7, 0)
o (¢= () lz<0, 0) (o, (lee 0)
o (dz, Ole<0, {z#0}) F (¢, (lze, {r<O0v1<az
F (¢ () {z#0}) = (o>, (), {z<O0V1<al
(o2, Olee?, {z®0}) B (g5, (]z?, {z<0Vv1<ua}
(g, Olee1, {z#0})  F (¢, (lzelte {z<0VI<a})
T T

Figure 5: Formal derivations explained in Ex. 16 and 17

Example 16. Let ¢> =z > 0Ax > 1AT > x. A formal derivation resulting from this formula
is given in Fig. 5. In order to find a value for x the algorithm computes elim®(¢>) = {0,1, —oo}
and chooses an arbitrary one of these values, in our case 0. As x > 1]z J/ 0] is trivially false,
the algorithm arrives at a leaf conflict, hence it needs to learn a lemma that prevents assigning
x to 0. The straight forward way to do this is adding the lemma x % 0. The algorithm then
backtracks, continues assigning x to 1 and returns sat.

Example 17. Now condsider what happens if consider ¢~ , the same problem as in Fx. 16 but
using strict inequalities (see Fig. 5). We get elim®(¢s) = {e,1 + &, —c0} and the algorithm
chooses to assign x to €, which again runs into a leaf conflict. In this case one cannot simply
learn x % €, as this is not a formula in our signature, hence does not have a defined semantics.
Intuitively if we want to make sure that x is not assigned to € we need to make sure that it is
assigned to either a value that is smaller than €, or a value that is greater. Therefore we need
to find an upper bound that is greater than e, but small enough that it does not exclue any other
elements of elim”(¢~). In our example we can choose 1 and learn the lemma x <0V 1 < z.

e-Lemmas

Example 18. Consider the formula ¢ = Ly A Lo, where Ly = [2] — |z] — 1 > 0 and

Ly=xz—|z— 1] +1>0, and we want to find a lemma to exclude an assignment () | z « e.

In this case we have nxt] (g) = nextBreak = {1}, and nxt] (c) = nextBreak(e) U curZero(e) =
{3 +e}U{0}. This means that

inFalselnterval? (z) =0 < x A /\ (e<e—z<e)A /\ (e<e—xz<e)

eEnxt—Lr1 (e) eEnxtz2 (g)
1 1
:O<x/\(5<1%x<1)/\((5<§+€%x<§+s)/\(€<0%x<0))
1 1
:O<:U/\(O<l%x<1)/\((0<iﬂxﬁi)/\(0<0%x<0))

1
<:>0<a:/\x<1/\x§§<:)0<x/\x§

So we derive the lemma x <0V % <z
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B.3 Soundness and Completeness

To proof soundness of CDVS in [15] Lemma 2 of [15] asserts that for any derivable state (F, S, L),
(F,S | 2gy1 < L, L), (F,S | g1 <7, L), where S = (x1 < (t1,J1) | ... | 1 < (&1, J;)) it holds
that R = 3(F/S) + EI(F/\/\i:1 J; = 0). Lemma 2 of [15] is then used to proof Lemma 3 of [15]
which is in turn needed for soundness of the calculus. Inspecting the proof of Lemma 4 [15] we
can see that only a weaker form of Lemma 2 [15] is needed: V—(F/S) — V(F — \/iz1 Ji % 0).
In the case of CDVS J; # 0, are the lemmas that will be derived for excluding solutions x; # ¢;.
If we replace this by lemmag(z; % t;) we get the following alternative invariant.

Lemma 8. For any state (F,S,L), (F,S | xgy1 < L,L), or (F,S | xxyr1 <7, L), where
S =(xy + (t1,J1) | ... | mp < (t, Ji))

k
R EV-(F/S) = V(F — \/ lemmag(z; % t;))
i=1
Proof. Apply induction on k, and use Lem. 7.1. O

By using Lem. 8 we can proof Lemma 3 from [15], and therefore soundness in the same way
as in [15].

For showing completeness a well-founded ordering on states (F, S, L) is defined in [15], which
is based on a lexicographical ordering with a component n, the number of so-called active nodes
in the search tree. Active nodes are the nodes that are not deactivated L Due to Lem. 7.2 we
know that our modified rules will reduce the number of active nodes as in CDVS, which means
that CD-VIRAS is complete as well.

C Definitions

Definition 1 (Slope and Period; repeated). Let t be a LIRA term. By recursion ont, we define
the period perf, outer slope oslpy, and segment slope sslpy of t as:

oslpy, = {1 Tomy o 20 oslpZ, = oslp? + oslp;
0 otherwise  oslpy, = k- oslp;  oslp,; = oslp}
sslp? = {1 ifx = y sslpf =0 sslpy,, = sslp; + sslpy
0 otherwise  sslpf, =k-sslpf  sslpf,; =0
pergy” =per] =0 pery, = pery
pers if pery =0 0 if pery =0 = oslp}
per; ., = | pery if per; =0 perf; = ‘oTlp,ﬂ if pery =0 # oslpf
lem®{per?, perf} otherwise num(pery) - den(oslpy) otherwise

Definition 13 (Q-lem). Let @ be a finite subset of Q such that 0 ¢ Q. We define

@ B lem{num(q) | ¢ € Q}
(@) = ed{den(q) | ¢ € Q)

Definition 14 (Quotient Remainder). For any LIRA-term t and ¢ € Q we define the gerner-
alized quotient and remainder of t and q:

quot,(t) = EJ rem,(t) =t — q - quot,(?)
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Definition 2 (Bound Distance; repeated). Let t be a LIRA-term. We define distYit €T and
delta¥,+ € Q by recursion on t:

deltaY¥,, =0 0 ife=
Y distY;, = ife=y
delta¥Yz1 =0 ’ y otherwise
deltaY, ke = |k|deltaYs s distY,, =1
deltaY,, o4+ = delta¥, s + deltaY¥, ; - k-distY,, k>0
distY_ ,, = N,
deltaY, ;) =deltaY,:+1 ’ k-distYy, ifk<0

distY; ,,, = distY; , + distY,,
distyf,  =distY,, + deltaY,, distY_ |, =distY,, —1

Definition 3 (Limit; repeated). The limit term lim{ of a LiRA-term t wrt x is defined by
recursion on t, as:

limy =y limg,, = lim{ + lim{
lim{ =1 T — [lim{ ] if sslpy >0
lim?, =k - lim® L] Mim?] —1 ifsslp? <0

We write lim, for lim{ if x is clear in the context.
Definition 4 (Segment Line; repeated). The segment distance dseg,(z¢) of a LIRA-term t
at xqg 18:
lim? (o]

sslp,

The segment line of t at xo is sslp, - « + dseg,(xg), whereas zero,(zg) is the zero of the
segment of t at xg.
Definition 5 (Grid Intersection; repeated). Fors,t € T andp,k € Q>°, the grid intersection
18

dsegy (zo) = —sslp} - g + lim[zo] zerof (xg) = xg —

(s +pZ) N (t,t + k) = {startg+np | n € N,np <) k}
where

[P =t remy(s —t)  [t+e]" = [t+p)"PF  start; =[] < =<

[t =t —remy(t =) [t—e] TR = [t = p]TTE start = [t 4] <) =<

Definition 6 (repeated). The set of discontinuities breaks; of a LIRA-term t wrt variable x
is defined by recursion on t, as:

breaks; = breaks] = () breaksy if sslp, =0
breaks;, = breaks; breaks(,| = ¢ {zero,(0) + permZ} if breaksy = ) & sslp, # 0
breaks; ,, = breaks] U breaks; breaksy U breaksInSegy if breaksy # ( & sslp, # 0

b+ per|, Z | b€ (zero(bo) + ﬁZ) M [bo, b + pi™™) where
breaksInSeg; = bo € (b + pZ) N [bg, by + per ;) where
bl + pZ € breaks,
P = min{p | b+ pZ € breaks} }
breaks,”™ = {t + pz | z € Z,t + pZ € breaksy }
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Definition 15 (Periodic Literal). Let ¢ be a LIRA term. We call a LIRA-term periodic if
oslp, = 0 and aperiodic otherwise. We extend this definition to LIRA-literals t ¢ 0.

Definition 7 (Core Interval; repeated). Let ¢t be a LIRA-term with oslp, # 0. The core
interval of t is [distX; , distX]], where

distY 8" (sIPe) deltaY
_astt deltaX, = Soa Xt

distX, = I I
oslp, |oslp, |

distX;” = distX; + deltaX,

Definition 8 (Virtual Term; repeated). A wvirtual term v is a sum t + ec + zZ + ico with
t € T,e € {0,1},2 € Q2%i € {0,4,—}, where z = 0 or i = 0. We may omit summands
with zero coefficients. We write Z(v) = z, e(v) = e and oco(v) = i. A wirtual term is plain if
e =z =1 =0 and proper otherwise.

Definition 9 (Virtual Substitution; repeated). A wvirtual substitution function ofo J o]
maps a conjunction of LIRA-literals, a variable, and a virtual term to a formula. We write ¢[t]
for ¢z J t]. Let ¢ be a conjunction of LIRA-literals, t a term, v a virtual term with Z(v) =0,
P={Le€¢|L isperiodic }, and A={L € ¢ | L is aperiodic }. Then,

1. gz ft+es+pZ]= \ oz Jt + ec] where
t'efin?,
VI if VL€ Alimf™ =T:  finf,_, ={s+too|se (t+pZNtt+))) }
V2. if UL € A.L = u ~ 0: fin, 7 = (t + pZ N [distX g, distX; o))
V3. otherwise: fin, 7 = U (t + pZ 1 [distXy, distX} + A))

LEAlim;>®=1
A= lem“({p} U {per; | L € P})

2. (L/G\¢L)[[x /1= ALz ) ])

S

limEee

B 300 if s©0 is aperiodic (oslp, =0)
3 (so0)e JvLoo] = {(800)[[:16 Jv] if so0 is periodic (oslp, #0)

(-)L if sslp, #0

4 ()= 0z ft+e] = {(ﬁ)nms[t] ~0 ifsslp, =0

lim,[t] >0 4fsslp, >0
5 (s20)xJt+e]=<limJt] 20 ifsslp, =0
lim[t] >0 ifsslp, <O

6. (s00)[x Jt] =s[z/t]<0

Definition 10 (Elimination Set; repeated). The elimination set elim”(¢p) of a conjunction
of literals ¢ with respect to the variable x is defined in Fig. 2.
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Definition 16 (Solution Interval). Let ¢ be a LIRA-formula and t a virtual term. We define the
formula sinter, and say that [t, x| is a solution interval of ¢ with respect to some R-interpretation
T if T |= sinter(¢, z, ¢).

t<a AV (t<a' <z —¢l2f]) ifZ(1t)=0

sinter(t, z, ¢) = {

3z € Z.sInter(t' + pz) ift=1t+pZ
where
t<z =t<zx t—oco<z =T
t+e<lax =t<zx t+oo<zx =1

Definition 11 (False Interval; repeated). Let ¢ be a conjunction of literals. The false interval
of ¢ att+ ¢ is denoted as inFaIseIntervaIerE(x) and defined in Fig. 3.

Definition 12 (CD-VIRAS Lemmas; repeated). Let ¢ be a conjunction of literals, t a term,
and A={L| L € ¢,oslp; #0}. The lemma function of CD-VIRAS is defined as: conflicts

are:

lemmagy (x # t) =z #t

lemmay (x % t+¢) = ﬂinFalseIntervaIf+E(x)

lemmay (7 %t + ee + 00) = x < distX} if limf> = L for some L € A
lemmay (x % t 4+ ec — 00) =distX] <z if im;°° = L for some L € A
lemmay (2 % t £ 00) = remy(x) % rem(t)

lemmag (x #£t+ecto0) = ﬂinFalseIntervalfﬂ\(quotk(I)fquotk(t))Jrs(:E)

D Proofs

Lemma 9 (Q-lcm). If Q is a finite subset of Q such that 0 € Q, then q € Q = lem®(Q) S/
: q .

Proof. Follows straight from the defintion lem@(Q) = %. O

Lemma 10 (Quotient Remainder). For 0 € QY we have
1. REz ~p-quot,(z) + remy(z)
2. REO0<rem,(z) <p
3. R = quot,(z) € Z
Proof. 1.
p - quot,(x) + rem,(x) = p - quot,(z) + = — p - quot, ()

~ T
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Which obviously holds.

3. By defintion as quot,(z) = BJ

O

Lemma 11 (Linear Term). Let ¢ be LIRA-term, with per = 0, or breaks = (). Then we say
the term is a linear term. For all linear terms we have per = 0, breaks = (), oslp = sslp,
R Elim, = t, R = t[z] =~ oslp - z 4 t[0], and R = Vy.t[z] = oslp - (z — y) + t[y].

Proof. Everything but the last property can be shown straight forward by induction on t. The
last one follows from the other ones:

t[x

~tlz] + oslp -y —oslp - y
~oslp -z +¢t[0] + oslp -y —oslp - y
~oslp - (x — y) + oslp - y + t[0]

t[y]

O

Lemma 1 (Periodic Shift; repeated). If per, # 0 then R = Va, y.(t[x + per [y]] ~ t[z] + oslp -
per [y])

Proof. We apply induction on t.
base case t =v € VU{l}:

Then per, — 0, thus we got 15+ 26ty L]~ 1] + oslp, - per, 1y
0 0
_|
base case t =v € VU {1}.
inductive case t =ty + t1:
case per; = 0:
Then we have per, ., = per, .
(to +t1)[x + pery, 1, [y]]
~ tolx + pery, [y]] + tifx + pery, |y]]
~ tolx 4 pery, |y]] + t1[x] + oslp,, - per;, [y] by LH.
~ to[z] + oslp,, - per,, [y] +ti[x] + oslp,, - per,, [y] by Linear Term (Lem. 11)
~ tolz] + oslpy, - pery 44, [y] + t1[z] + oslp,, - per, oy, |y]
~ (0 + t2)fi] + (oslpy, +oslpy,) -pery, 41, [y
—_————
05|pt0+t1
_|
case per, = 0.
case per, = 0:
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Same as the case before.

case per, = 0.

case per, # 0 # per, :

In this case we have per, ,, ~ ~ lem® {per,,, per;, }. Notice that by Q-lem (Lem. 9) we know
that (Pp) this means by Q-lem (Lem. 9) that Peripsey Bty e 7,

per, per,,

(to + t1)[x + pery, 14, ()]
~ tolr + Pery 4+, ly] ]+ t1[z + Peryy+i, ly]]
~ to[r + pery, - pep%.l ly| ]+ ti[a + per,, - pep% Ly]]
toli + pery, - | P55t Ly] |1+ il + per, - | Pz |y ]
to[z] 4 oslp,, per;, - Lp p;‘;“l LyJJ + t1]x] + oslp,, per,, - re;% LyJJ by LH.
tola] + oslpy, - pery 1y, [y + ta[z] + oslpy, - pery, 1y, |y
(to +t1)[x] + (oslpy, + oslp,, ) -per; 4y, Y]

Q

Q

Q

Q

°5|Pz0+t1
4
case per, # 0 # per,,
inductive case t = tg + t1.
inductive case t = ktg:
(kto)lx + peryy, [y]]
~ (kto)[z + pery, [y]]
~ k(tolx + pery, [y]])
~ k(tolx] + oslpy, pery, [y])
~ kto[z] + koslp,, -per;, ]
——
oslpmO
4
inductive case t = ktg.
inductive case t = |t ]:
case per, =0 & oslp, = 0:
Then Per | = 0 hence the hypothesis is not applicable.
4
case per, =0 & oslp, = 0.

case per, = 0 & oslp # 0:

Then by Linear Term (Lem. 11).
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Ltolr + 1o, Ly 1]
~ |to[z] 4 oslp, ‘OSIP N ly]] by Linear Term (Lem. 11)

%,_/
EZ

~ [to[z]] + oslpy, \OT;“ L]
N—— ‘0

osIPLto) per |y |

_|

case per, = 0 & oslp # 0.

case per, # 0:

{to[aﬂ— per ;| Ly ]J
~ Lto[ + num(per,_)den(oslp,,) |y H
{to[ﬂc + den(oslp,, )"“m(Perto) den(pErtO J

den(per, )

~ |to[x + pery, |den(oslp,, )den(per,,) J 1
~ |to[x] + oslp,, per,, |den(oslp,, )den(per, )y|| by LH.
~ [to[z] + oslpy,den(oslp,, ) per, den(per, ) |y]]
ez €z
~ |to[z]] 4 oslp;,den(oslp,, )per, den(per, ) |y]
~ |to[z]] 4 oslp;, den(oslp; )num(per; ) |y]
——

oslp 4 PE 0]

_|

case per, # 0.

inductive case t = |to].

O

Lemma 2 (Linear Bounds; repeated). R | V. (oslp ~x+distY” <t<oslp-x+ distY+).

Proof. We apply induction on t.
base case t = 1:

oslp; -z +distY] <1 < oslp, -z 4 distY] +deltaY;
_|

base case t 1.

base case t=yec V& =y

oslp, - +distY, < y <oslp, -x+distY, +deltaY,
_|

base case t =y eV &z = y.
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base case t=y €V &z #£y:

oslpy -x + distY; <y< oslpy -x + distY; + deltaY¥,,
N—— N—— N—— N—_—— =
0 y 0 y 0
_|
base caset =y €V & x # y.
inductive case t =ty + t1:
By I.H. we have
oslp;, - @ +distY, <to < oslp, - x +distY, + deltaYy,
oslp,, - & +distY, <t; <oslp, -z +distY, + deltaYy,
Thus we have
oslptoa: + distY;) + oslptlx + distY,t_1 <tog+t1
<= (oslp;, + oslp, )z + distY, +distY, <to+t
05|pt0+t1 distY:OH1
and
to+t1 < 05|Pt01' + disth_0 + deltaYy, + oslp,, @ + distY; + deltaYy,
<= to+t1 < (oslp,, +oslp,, )z +distY, +distY, +deltaYy, + deltaYy,
oslp, 1t distY, ., delta¥eg ey
4|
inductive case t = tg + t1.
inductive case t = ktg:
By I.H. we have
oslp;, - @ +distY, <to < oslp, - x +distY, + deltaYy,
case k > 0:
Thus we have k = |k| and can reason as follows:
oslpto -x+ disth_O < tg < oslpt0 -x+ distY;) + deltaYy,
< koslp,;, -z + kdistY; < kto < koslp, -x + kdistY, + kdeltaYy,
N—— N—_—— N—_—— —_—— N——
oslpy,,., distY ., oslpy,, distYy, deltaY's
_|
case k > 0.
case k < 0:
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We can reason as follows:
oslptO -x 4+ disth_0 < tg <oslpy, -z + disth_O + delta¥y,
< k-oslpy, -x + k-distY, > kto > k-oslp, -x+k-distY, + k- deltaYy,
—— ——
oslpktO OSIPktO diStY}:tO
Thus from k < 0 we know that k + |k| = 0, which means we can further reason as follows
= oslpyy, - @ + k- distY, > kio
= oslpy, - @ + k- distY, +k-deltaYy, + |k|deltaY;, > kto
distY}, deltaYio
_|
case k < 0.
inductive case t = ktg.
inductive case t = |to]:
By I.H. we have
oslp;, - @ +distY, < to <oslp, -z +distY, + deltaYy,
We can reason as follows
oslp;, -« +distY, < o
= |oslp,, - @ +distYy | < [to]
= oslp,, v +distY, —1< [to]
——
oslp | distY [, |
and
to < oslp, -z +distY, -+ deltaYy,
= lto] < oslp,, - +distY; + deltaYy,
= lto] < oslp,, -z + distY, — 1+4deltaYy, + 1
——
oslp . | distY ], | delta ;|
_|
inductive case t = |tg \
O

Lemma 12 (Grid Rounding). Let s,t be LIRA-Terms, and p € Q> then

|

| =min{s+pz|z€Z,t < s+ pz}
[t+¢]°"P = max{s +pz | z € Z,s + pz < t}

| =min{s +pz |z € Z,t < s+ pz}
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Proof. By Quotient Remainder (Lem. 10) we get

[6]°P% ~t 4 rem, (s — t) [P ~t — rem, (& — )
€[0,p) €[0,p)
~s +p-quot,(s —t) ~s —p - quot,(t — s)
Z Z
€ €

As [t]*TP% € [t,t+p) we know that [¢]*7P% is the least value in {s+pz | z € Z,t < s+ pz}.
As [t]*TP7 € (t—p, 1] we know that [¢]°*” is the greatest value in {s+pz | z € Z,s+pz < t}.
Further as

[t +&]* 7% = [t + p] " |t — ] TPE =t —p|TP"
from the results before know that [t + ETSH’Z is the least value in {s+pz | z € Z,t+p < s+pz}

and [t —e]* " is the greatest value in {s +pz | 2 € Z,s +pz < t +p}.  Thus the lemma
holds. O

Lemma 3 (Grid Intersection; repeated).  (s+pZ)M(t, t+k) 2 ({s+pz |z € Z}N(t, t+E))
Proof. case ( is [

By Grid Rounding (Lem. 12) we know that [£]*77” is the least value in {s + pz | z € Z,t <
s+ pz}. Therefore the lemma obviously holds.
_|

case ( is [.

case ( is (:

By Grid Rounding (Lem. 12) we know that [t + ¢]°"*” is the least value in {s 4+ pz | z €
Z,t < s+ pz}. Therefore the lemma obviously holds.
_|

case ( is (.

O

Lemma 13 (Limit Period). For any LIRA-term t we have P€ljim, = Pery, sslpyy,, = sslp, and
oslpji,, = oslp,.

Proof. We can apply induction on ¢t and just unfold definitions. O
Lemma 14 (Breaks Period). For b+ pZ € breaks, we have =+ € Z.
Proof. We can apply induction on ¢t and just unfold definitions. O

Lemma 4 (Piecewise Linearity; repeated). Let Z be an R-interpretation, x € V and t a LIRA-
term such that breaks # () and b~ € breaks™. Let b = min{b | b € breaks™,Z =b > b~ }, and
te{+,—}. Then

ITkEVre (b ,b7),ye b ,b"). (t[z] ~ lim,[z] ~ sslp - = + dseg(y)) .
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Proof. Consider the property P;:
Vo € (b™,b1).t[x] =~ lim,[z] = sslp,(z — b7) + lim,[b7] (P)
If we establish Py, then for any y € (b™,b") we can reason as follows

t[z] ~ lim,[z] = sslp,x — sslp,b™ + lim,[b7]

~ sslp,x —sslp,b™ + lim,[b™] + sslp,y —sslp,y

~lim, [y]by P
~ sslp,z + lim,[y] — sslp,y
—_——

dseg, (y)

This means that to proof Piecewise Linearity it is enough to show P;. Thus we proceed by
induction on t. We reason in an arbitrary R-interpretation Z. If breaks = ) then Piecewise
Linearity trivially holds, hence let us only consider the cases where breaks # (). Consider any
b~ € breaks;®, b* = min{b | b € breaks;°,Z =b > b}, and any = € (b,b"). Let us case split
on t.

inductive case t = tg + t1:

Then breaks, ., = breaks, U breaks,, .
case breaks, = () & breaks, # (:

First we observe that by Linear Term (Lem. 11), for any y we get
to[z] = sslpy, @ + lim, [0]
~ sslp;,  + lim [0] + sslp; i —sslp, ¥
—_———
toly]~lim, [y]
~ sslp;,  + lim [y] — sslp;, v (P2)
—_————

dseg,, (4)

As breaks, ., 2 breaks; , we can use L.H. to get

t1[x] ~ lim,, [x] ~ sslp,, & + dseg, (b7) by LH.
= to[r] +ti[x] & to[x] + limy [x] = to[x] + sslp,, x + dseg,, (b7)
<= tolz] + ti[z] = limy, [z] + limy, [x] = to[z] + sslp,, = + dseg,, (b7) by Linear Term (Lem. 11)
= to[x] + t1[z] ~ limy[2] + lim, [2] ~ sslp, @ + dseg, (b7 ) +sslp,, @ +dseg, (b7) by P»
<~ (to+t1)[z] = limgq 4, [2] ~ (sslp,, +sslp, ) - @ + dseg,; (b~ ) + dseg,, (b™)
—_————
55|p10+t1 dsegto_*_t1 ™)
_{
case breaks, = () & breaks, # 0.
case breaks, = () & breaks, # 0:
This case can be shown in the same way as the case before.
_|
case breaks, = () & breaks, # (.
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case breaks, # () & breaks, # 0:

As breaks, ., 2 breaks, ,breaks, , we can use L.H. to get

Q

tolz]

& t]x]
= to[x] + t1]x]
= (to + t1)[x]

lim,, [z] ~ sslp;  + dseg; (b™)

Q

lim,, [z] ~ sslp;, « + dseg, (b™)
lim, [z] 4 lim,, [z] ~ sslp, @ + dseg, (b~) + sslp,, x + dseg,;, (b™)
limg, g, [«] ~ (sslpy, +sslp;, ) = + dseg, (b™) + dseg,, (b™)

Q

Q

SS|pto+t1 dsegtoﬂl(b—)

_|

case breaks, # () & breaks, # (.

inductive case t = tg + 1.

inductive case t = kitg:

As breaks, = breaks;; we can use L.H. to we get

tolx] ~ lim, [z] ~ sslp, = + dseg, (b™) = kto[z] ~ klim, [z] ~ ksslp,, x + kdseg, (b~)

(kto)[x] lim,,, [z] sslpyq,, dsegy,, (b~)

4|

inductive case t = ktg.

inductive case t = [t ]:
As sslp|;,; = 0 we only need to establish |to[z]] ~ lim, | [2] ~ lim; [b~] in order to show P
and thereby show Piecewise Linearity.
case sslp; = 0:
Then breaks, = breaks, |, thus we can use I.H. to get

tolr] =~ lim, [z] =~ sslp, =+ dseg; (b7)
~ sslp;, @ —sslp;, -b~ +lim, [b~] by Segment Line (Def. 4)
—— ——

0 0
= [tola]] = [lim, [2]] ~ [lim, [b7]]
= [tolz]] ~ limyy [2] = lim,,[b7] by Limit (Def. 3)

_|

case sslp, . = 0.

case sslp; 7 0 & breaks, = 0:

We have breaks; | = {zero,, (0)+per ;2 | 2 € Z}, with per, | = m. Further by Linear
Term (Lem. 11) we know that zero, (0) ~ —%. Therefore we know that for some z € Z
to
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we have b~ = % and bt =b~ + IsTll%o\' Thus by Linear Term (Lem. 11) that
tolr] = sslpy, x +1o[0]
~ sslp,, @ + to[0] — sslp, b~ + sslp,, - %ﬂjjz
e
~sslpy, (x—07) +2 (Ps)
1
O Tsstp,
case sslp; > 0:
Then we can reason as follows
lim 4, [07] ~ [lim,, [b7]] by Limit (Def. 3)
~ [sslpy, % +t0[0]| by Linear Term (Lem. 11)
H/—/
~ Z b
[to[z]] &~ |z +sslpy, (z —07)] by P
—_———
~z €(0,1)
lim, [to] =~ [lim,, [] | by Limit (Def. 3)
~ |z +sslp,, (v —b7)] by Ps
%/_/
~z €(0,1)
Thus we get lim, | [b7] = [to[z]]| =~ lim |, [to]. .
case sslp, > 0.
case sslp; < 0:
Then we can reason as follows
limy (6] = [lim, [b~]] — 1 by Limit (Def. 3)
~ [sslpy, ssl[p]+z +t0[0]] — 1 by Linear Term (Lem. 11)
~z—1 b
[tolz]] =~ |2 + sslp,, (x—=0b7)] by P;
—_———
~rz—1  e-10
lim |, [to] = [lim,, [z]] — 1 by Limit (Def. 3)
~ [z +sslp, (v —b7)] =1 by Ps
—_———
~z—1 €(—1,0)
Thus we get lim, | [b7] = [to[z]] ~ lim |, [to].
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4|

case sslp, < 0.

case SS|p/ #0& breaks L= 0.

case sslp,, # 0 & breaks, # 0

Notice that firstly breaks;; C breaks(; . Let us firstly establish the property Py:
lemma Py:

b € breaks;?
c = min{c € breaks;> | b < c}

z €7 (P4)
zero(b) + z € [b,c)

zero(b) +

sslp

H Sl ol o

Sslp z € breaksu |

P4 says that for any two adjescent breaks b, ¢ € breaks, , any value d of the form zero(b) +

Sslp z with z € Z, d € [b,¢) is contained in breaks, ;. Intu1t1ve1y the values d are all the

values where the line segment of ¢y in the interval [b, ¢) takes an integer value.

Consider any b € breaks;;, and ¢ = min{c € breaks;y | b < c}. There must be some
to + p?‘i“Z € breaks, . Thus there is some tg + pm”‘z € breaks;® such that tg + pm“‘

b < pm‘n which means that ¢ — b < pm‘“ as c¢ is minimal, which further means that
[b,¢) C [b,b+ pi2™). We can reason as follows

b € breaksy,

= b =b+pz for some by, + pZ € breaks,
ez
—_——

+per|, | quotpe ,  (p2)

= b mby 4 reMper J(PZ) ‘ol by Quotient Remainder (Lem. 10)
%,_/

E[O,peruoj)

remperttOJ (PZ) ~pz — perLtoJ Lpefu ] J

~pz—p p% |52 by Breaks Period (Lem. 14)
N , Lto]
peerZ
t
~pz—p| LDJ Lper JJJ

~ _ Pe'ttm o2
ple - 125t 22
Thus we know that b = b} + pz, + Per| 4| Zper,, | for some Zps Zper|, | € L with pz, €
to to
[0, per|,, ;). We define by = bj + pzp, and thus know by Grid Intersection (Lem. 3) that
bo € (b + pZ) M [by, by + per ;, )-

Now consider any z’ € Z such that zero(b) + € [b,c) C [b,b+ p™). We can reason

sslp
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38

as follows:

b

’
Z
zero(bo + perLtOszerUOJ) + =

Iimto [b0+perLt0J Zper

~ _ Lto)] z
by + Per|4y | Zper,, | = +

lim,, [bO]JFOSIPfOPerLtOJZPer

NbO + peruoj ZpeonJ - SS|Pt0

lim, [bo] Z,_°S|p‘0 PE | | Zper

_ Lto)
to) sslp(,’O sslptO

~by + Per| 1, | Zper,

7
z'—oslp,  per . | Zper

%Zero(bO) + per\_toj ZperLtOJ + sslpt0 <ol (P5)

We define 2" = 2/ — oslptoperLtUJ Zper|, |- By Slope and Period (Def 1) we know that

oslp,,per|, | € Z, thus we know that 2" € Z. Further as zero(b) + € [b,b+pPin) w
can continue reasoning as follows

sslp

b
/

0 < zero(b) + — (bo + per|;,  Zper, ) < pon

sslpy,

Z” mln
<:>O§zero(b0)+M+m — by — Per |4 Zper < Ppy by Ps

<=>zero(bg) + W € [bo, bo + P2™)

==zero(bo) + 55— - € breaks(y, |

=>zero(by) + sslp + perjy, | € breaksLtOJ

=zero(b) + Sslp € breaks[y, | by Ps

_|

lemma Py.

Then let a™ be the greatest value in breaks;> such that a= < b~, and a™ be the least value
in breaks;’ such that a— < a*.

We define b = zero(a™) + ﬁ to be the greatest such b such that b < a~
to

By P, we know that either a™ < b+ IsT;\’ or b+ ﬁ € breaks‘fto It In either case there
to

is some b’ € breaksy | such that 0 < o' —b < |SS| e thus 0 < bT — b < m as bt is

minimal, which means that « € [b,b + ﬁ)
to
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Further by the minimality of b we know that

b<a <b+ ——

ERW
—=0<a —b<

Erm
_z 1
sslp, |55|Pt0 |

0 <g-—a 4 Mut - (Ps)

z
sslpy, sslpy,, < [sslpy, |

<—=0<a —zero(a")—

As breaksf‘;O = breaks;> we can use I.LH.to get

to[r] ~sslp,, x + dseg, (a™)

~sslp,, (x — zero, (a™))

~sslpy, (. — (b — SSIZ;)tU ) by definition of b
~sslp,, (@b )tz (P)
E(O,‘STZ‘)
0
case sslp; > 0:
o< Male ]2 o1 pyp
= sslpy, sslp,, [sslpy, | y 16
= 0<lim fa"]—2<1
= 0~ [lim, [a"] — z]
— xS Uimto[a’u
~lim [a™] by Limit (Def. 3)
[to[z]] =~ [z + sslpy, (z — b)] by P;
—_——
=z €(0,1)
lim ;| [2] = [lim, [2] ] by Limit (Def. 3)
= |tolz]] by I.H.
~ |z 4sslpy, (@ —b)] by Pr
————
~z €(0,1)

Thus we get lim, [b7] = [to[z]] ~ lim,[to].
_'

case sslp, . > 0.

case sslp; < 0:
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0< S — < O P
= O>Iimt[_]—z>—1
= ~ [lim [a~] — 2|
= Z—].Nﬂlmto[ -1 -
~lim, [a7] by Limit (Def. 3)
ltolz]| =~ |z + sslp;, (x—0b)] by P;
—

~z—1 e-10

lim 4, [2] ~ [lim, [z]] — 1 by Limit (Def. 3)
~ [to|z]] — 1 by I.H.
~ [z+sslp (z—b)] =1 by Py
—_———
~z—1 e(-10

Thus we get lim, | [b7] ~ [to[z]] ~ lim |, [to].

case sslp, < 0.
case sslp, 7 0 & breaks, = # 0.
inductive case t = |t¢].

O

Lemma 5 (Periodic Literals; repeated). If L = t ¢ 0 is a periodic LIRA-literal (oslp, = 0),
then

RE Vy,(L[x] < L[z + per, |y] ])

Proof. Follows straight from Periodic Shift (Lem. 1) if breaks, # () and from Linear Term
(Lem. 11) otherwise. O

Lemma 15 (Periodic Literal Induction). If L = t ¢ 0 is a periodic LIRA-literal (oslp, = 0),
then
R = Jy.(Vz € [y, y + per,).L[z]) — Va.L[z]

Proof. We reason in some arbitrary R-interpreation Z. Assume that Vz.(y < z < y + per, —
t[z] ¢ 0), and let = be arbitrary. There is some z such that x + per, |z] € [y,y + per,). By
Periodic Literals (Lem. 5) we have L[z + per, | z]] <> L[z], thus we know that L[z] holds. O

Lemma 6 (Limit Value; repeated). If L =t <0 is an aperiodic LIRA-literal (oslp, # 0), then
the values outside of the core interval of t satisfy the following:

R |= Vo < distX; .(L[z] <> lim;>) R |= Vo > distX.(L[z] ¢ lim™)

where
I|m,5~0 =1 I|mt?30 =T I|mf>0 = Zoslp >0

Proof. We reason in an arbitrary R-interpretation Z.
case sgn(oslp) = +:
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o _

x < —d';j; <= oslp -z + distYt <0

——
distX~
and
distYt | deltay vt
> == T Jede] oslp - x + distY™ — deltaY > 0
—_———
distXT distY ™

Thus by Linear Bounds (Lem. 2) we have (P;) z > distXT = ¢ > 0, and = < distY™ =t <

0.
case sgn(oslp) = +.
case sgn(oslp) = —:
T < _diz;\’(; <= oslp - x +distY™ >0
——
distX—
and
distY ™ deltaY i -
x>~ + e = oslp - x 4+ distY ™ +deltaY <0
—
distX+ disty

Thus by Linear Bounds (Lem. 2) we have (P) x > distXT =t < 0, and x < distY~ = ¢ >
0.

case sgn(oslp) = —.

We case split on ©.
case ¢ is =

Then lim£Y = L. Thus the lemma follows straight from P; and Ps.
_|

case ¢ is =~.

case ¢ is #:

Then Iimtio%O = T. Thus the lemma follows straight from P; and Ps.
_|

case ¢ is .

case o is Z€ {>,>}:
case oslp > 0:

Then lim*> = +oslp > 0= T, and lim™> = —oslp > 0 = L, thus the lemma follows from
Py
4|

case oslp > 0.

case oslp < 0:
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oo

Then lim™° = +oslp > 0= L, and lim™ > = —oslp > 0 = T, thus the lemma follows from
Ps.
_|

case oslp < 0.

case o is 2e€ {>,>}.

O

Lemma 16 (Zeros). Let s,t be LIRA-terms, and o € {~, %, >,>}, then
1. sslp, > 0 then R [=sslp, - s + lim,[b] 2 0 <= s © zero,(b)
2. sslp, < 0 then R = sslp, - s + lim,[b] 2 0 <= zero,(b) ¢ s

Proof. In both cases we can expand defintions to get

lim, [b]
sslp,

1. sslp; s + lim,[b] © 0 <= s o — < s ozero,(b)

lim, [b]
sslp,

2. sslp, - s+ lim,[b] 0 0 <= — © 8 <= zero,(b) o s

O

Lemma 17 (Lower Bound Existence). Let L be a LiRA-literal, T be some R-interpretation,
such that T = L[y]. Then there is some v € elim®(L) such that T |= sinter(v,y, L).

Proof. Let L =to0. We reason in the interpretation Z, and case split on L along the definition
of elim.
case breaks = ():

Then by Linear Term (Lem. 11), we know that ¢ ~ sslp - « + lim,[0].
case sslp = 0:

Then by Linear Term (Lem. 11) we know that t[y] ¢ 0 <= t[z'] © 0 for any «’. Thus L
holds for any 2’ € (—o0, y| which obviously means that [—oo,y] is a solution interval, and
—oo € elim(L).

_|

case sslp = 0.

case ¢ is ~:

Then by Zeros (Lem. 16) and Linear Term (Lem. 11), from t¢[y] ~ 0, we know that y ~
zero(0), thus [zero(0),y] is a solution interval, and zero(0) € elim(L).
4|

case ¢ is =.

case ¢ is 2

As sslp # 0, by Zeros (Lem. 16) we know that zero(0) is the only zero of ¢[x].
case sslp > 0:

This means since ¢ is a linear term (Linear Term (Lem. 11)), and t[y] 2 0 by Zeros
(Lem. 16) we know that y 2 zero(0).
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Let 2’ be any value such that zero(0) < 2’ < y. For any such value by Zeros (Lem. 16)
we know that ¢[z'] = 0. Thus if 2 is > then [zero(0) + ¢, y] is a solution interval, and if 2
is >, then [zero(0), y] is a solution interval, and the respective lower bound is in elim(L).

_|

case sslp > 0.

case sslp < 0:

This means since t is a linear term (Linear Term (Lem. 11)), and t[y] 2 0 by Zeros
(Lem. 16) that y < zero(0). Let 2’ be any value such that 2’ < y. By transitivity we ahve
that 2’ < zero(0), thus by Zeros (Lem. 16) we hace t[z'] 2 0. Thus [—o0, y] is a solution
interval, and —oco € elim(L).

case sslp <

case ¢ is

case ¢ is #%:

Then we know that t[y] > 0 or t[y] < 0. In both both cases we can reason as in the
inequalitiy cases before to get that either [zero(0) + €, y] is a solution interval, or [—o0, y] is
a solution interval, with either of the two lower bounds being in elim(L).

_|

case ¢ is .

case breaks = (.

case breaks # ()
case oslp = 0:

We case split on the value y
case Hb* € breaks™.y =~ b*:

Then there is some value b + pZ € breaks such that y ~ b+ pz for some z € Z, thus
[b+ pZ,y] is a solution interval.
_|

case Hb™ € breaks™ .y ~ b™.

case Vb* € breaks™.y % b*:

Let b~ € breaks, and ¢ = min{y’ | ¥ =y + 2,0~ <y',z € Z}. By piecewise linearity we
know that there is some ' such that s is a linear segment in the interval (b=,b%). As
L is periodic by Periodic Literals (Lem. 5) we know that from L[y] it follows that L[y].
Further again because L is periodic if we show that [p, y'] is a truth interval, we also know
that [p + pZ,y] is a truth interval.

If sslp # 0 the zero of this segment is zero(b~). We case split:

case sslp = 0:

From t[y']©0, Piecewise Linearity (Lem. 4), we know that ¢[z'] holds for any =’ € (b™, /],
thus [b~ + £,y'] is a solution interval, with b~ + ¢ € elim(L).
4|

case sslp = 0.

case sslp <0 & o is 2e {>,>}:
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In this case by Piecewise Linearity (Lem. 4), and Zeros (Lem. 16) we have 3’ < zero(b™).
Let ' € (b—,y], then by transitivity we know that 2’ < zero(b~), thus by Piecewise
Linearity (Lem. 4), and Zeros (Lem. 16) we have t[z'] 2 0. Therefore we know that
[b~ +&,9'] is a solution interval with b~ + ¢ € elim(L).

_|

case sslp <0 & o is 2 {>,>}.

case sslp >0 & o is 2 {>,>} & zero(b™) & (b—,b"):

By Piecewise Linearity (Lem. 4), and Zeros (Lem. 16) we know that b* >y’ 2> zero(b™).
As zero(b™) & (b—,b") we know that bT > ' > b~ > zero(b™). Consider any z’ €
(b—,y']. By Piecewise Linearity (Lem. 4), and Zeros (Lem. 16) we know that t[z'] > 0,
thus [b~ 4 ¢,¢'] is a solution interval with b~ + ¢ € elim(L).

_|

case sslp > 0 & o is >€ {>,>} & zero(b™) & (b—,bT).

case sslp >0 & o is 2€ {>,>} & zero(b) € (b~,b"):

Consider some 2’ such that zero(b™) < 2’ <y'. Then by Piecewise Linearity (Lem. 4),
and Zeros (Lem. 16) we know that t[z'] 2 0. Therefore if 2 is > then [zero(b™) +¢,y'] is
a solution interval, and if 2 is >, then [zero(b™), 3] is a solution interval with zero(b™) €
elimb™.

_|

case sslp > 0 & o is >€ {>, >} & zero(b) € (b~ ,bT).

case sslp # 0 & ¢ is #:

If t[y'] % O there are two cases, either ¢[y’] > 0 or —t[y’] > 0. In either case we can
reason as in the cases where ¢ is >, to get that either [b™ + &,'], or [zero(b™) + ¢, ¥/]
is a solution interval with zero(b™) € elim(L).

4|

case sslp # 0 & ¢ is .

case sslp # 0 & ¢ is =~

Then by Zeros (Lem. 16), and Piecewise Linearity (Lem. 4) it must be the case that
y' = zero(b™), hence [zero(b™),y’] is a solution interval, with zero(b™) € elim(L)

4|
case sslp # 0 & ¢ is =.
case Vb* € breaks™.y % b*.
case oslp = 0.
case oslp # 0:
We case split on y.
case y ~ distX*:
Then distX® € elim(L) and [distXE, y] is a solution interval.
_|

case y & distX™.
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Then as L[y] by Limit Value (Lem. 6) it must be the case that lim7°> = T, thus —co €

elim(L), and [—o0,y] is a solution interval.
_'

case y € (—oo,distX™ ).

case y € (distXt, c0):

Then as L[y] by Limit Value (Lem. 6) it must be the case that lim{ > = T, thus distX* +

e € elim(L), and [distXT + £, 9] is a solution interval.
_|

case y € (distX™, 00).

case y € (distX™,distX™) & y € breaks™:

Then there is some value b € ebreak, such that y ~ b, thus [b, y] is a solution interval.
4|

case y € (distX ™, distXT) & y € breaks™.

case y € (distX™,distXT) & y ¢ breaks™:

Then by Piecewise Linearity (Lem. 4) there y € (b~,b"), such that ¢ is a linear segment
in between these breaks b—,b+.
Notice the following:

{ zero(b) | b € breaks™ }
= { p— il | b € breaks™ }
={ b+pz—% | b+ pZ € breaks,z € Z }

={ b+pz— "Rz |47 € breaks,z € Z} by Limit Period (Lem. 13)
and Breaks Period (Lem. 14)

={ b+pz— “rs?i,gb] —p;j;'p | b+ pZ € breaks,z € Z }

:{bf“r;;lgb]erz( 7$)|b+p26breaks,z€Z}
={ zero(b) + pz( f%) | b+ pZ € breaks,z € Z }

Thus we know that any zero(b) for some break b that is within (distX™,distX™), is in
ezero.

Further we notice that we have that if t < distX™ <y, and [¢, y], or [t +¢€,y] is a solution
interval, then [distX™, y| is a solution interval for any plain term ¢.

We case split:

case sslp = 0:

Then Piecewise Linearity (Lem. 4) and ¢[y]¢0, we know that t[z']¢0 for any =’ € (b~,bT),
hence [b~ + &,9'] is a solution interval.
If b~ < distX™ then b~ might not be in the elimination set, but in this case we have

distX™ in the elimination set with [distX™,y] being a solution interval too.
4|

case sslp = 0.

case sslp < 0 & o € {>,>}:

45



VIRAS: Conflict-Driven Quantifier Elimination for Integer-Real Arithmetic Schoisswohl, Korovin and Kovécs

By Piecewise Linearity (Lem. 4), and Zeros (Lem. 16) we know that y < zero(b™). Let
a2’ € (b7, y], then again by Piecewise Linearity (Lem. 4), and Zeros (Lem. 16) we know
that t[z'] Z 0. Thus [b~ + ¢, y] is a solution interval.

If zero(b™) < distX™ then zero(b~) might not be in the elimination set, but in this case
we have distX™ in the elimination set with [distX™, y] being a solution interval too.

4|

}.

case sslp <0 & o € {>,

Y%

case sslp >0 & o is 2€ {>,>} & zero(b™) € (b, bT):

Then by Piecewise Linearity (Lem. 4) and Zeros (Lem. 16) we know that y = zero(b™).
Consider any 2’ such that zero(b~) < ¢/ < y. By the same lemmas we know that
t[z'] 2 0, thus if 2 is > then [zero(b™) + €, 3] is a solution interval, and if 2 is < then
[zero(b™),y] is a solution interval.
If zero(b~) < distX™ then zero(b~) might not be in the elimination set, but in this case
we have distX™ in the elimination set with [distX™, y| being a solution interval too.

_|

case sslp > 0 & o is 2€ {>,>} & zero(b™) € (b,bT).

case sslp >0& o is € {>,>} & zero(b™) & (b,b7):

By Piecewise Linearity (Lem. 4), and Zeros (Lem. 16) we know that b > y 2> zero(b™).
Aszero(b™) & (b™,b") we know that bt >y > b~ > zero(b™). Consider any 2’ € (b™, y].
By Piecewise Linearity (Lem. 4), and Zeros (Lem. 16) we know that t[z’] > 0, thus
[b+ e,y] is a solution interval.
If b~ < distX™ then b~ might not be in the elimination set, but in this case we have
distX™ in the elimination set with [distX™,y] being a solution interval too.

_|

case sslp > 0 & o is >€ {>,>} & zero(b™) & (b,bT).

case sslp # 0 & ¢ is #:

If t[y] # 0 we know that either t[y] > 0 or —t[y] > 0, which means that we can reason
as in the cases before to establich that either [zero(b™) +¢,y], [b~ + ¢, y], or [distX™, y]
will be a solution interval with lower bound in elim(L).

_|

case sslp #Z 0 & o is .

case sslp # 0 & ¢ is =~

Then by Piecewise Linearity (Lem. 4), and Zeros (Lem. 16), it must be the case that
y = zero(b), thus [zero(b),y'] is a solution interval.
_|

case sslp #0 & ¢ is ~.

case y € (distX L distXT) & y ¢ breaks®.

case oslp # 0.

case breaks # 0.

O

Lemma 18. Let t be a virtual term and ¢ a conjunction of literals. Then
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Proof. Let Z be an arbitrary R-interpreation. We reason in Z. We case split on ¢.
base case t =t is a plain virtual term :

Then sinter(t,z,¢) =t <z AV2'(t <2’ <z — ¢[z']). Thus obviously ¢[t] holds.
_|

base case t = t is a plain virtual term .

base case t = ty + ¢ where t is a plain virtual term:

Then sinter(tg + e, z,¢) =tg < x AV .(tg < &’ < x — ¢[2']). Let L = s 0 be any literal of
o.

case breaks ~ ()

By Piecewise Linearity (Lem. 4) we know that there are some b=, b+ such that tq € (b=,bT),
such that s is a linear segment in (b~,b"). Further this means there is is some u, with
to < u < min(b*, ).

case breaks ~ (.

case breaks % ():

In this case we choose u = z, and we know by Lem. 11 that s[z’] & sslp, - 2’ 4 dseg (o).

case breaks % (.
Thus in either case we know that for any =’ € (to,u] (P3) s[z’] © 0 holds, and that (P)
s[a’] = sslp, - @’ + dseg,(¢p). Further we can see for any such 2’ that

s[z'] ~sslp, - 2’ + dseg,(to) by Py
~usslp, - @’ — sslpg - to + limg[to]

~usslp, (@' — to) + lim,[to]

and thus we know that =’ —tg > 0.
We case split on L
case so 0 & sslp, = 0:

Thus Lfto] = limg[te] ©0. As s[z’] ©0 we know that sslp, (2’ — tg) + lim[te] © 0, which means
~—

~0

that lim[to] © 0.

_|
case s 00 & sslp, = 0.
case s 2 0 & sslp; > 0:
Thus L[to] = lim[to] > 0.
As s[z'] Z 0 we know that sslp, (' — to) +lim[to] = 0, which means that lim[to] > 0.
—~— ——r
>0 >0
_|

case s 2 0 & sslp, > 0.

case s 2 0 & sslp, < 0:
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Thus Lte] = lim,[te] > 0. As s[z’] = 0 we know that sslp, (2’ — to) +lim,[to] = 0, which
—~ ——

<0 >0
means that lim,[to] > 0.

4|

case s 2> 0 & sslp, < 0.

case s ~ 0 & sslp, # 0:

Thus L[to] = L. We will show that this branch leads to a contradiction thus, is unreachable:
Consider some z” € (to,z’).

s[z'] = 0 ~ s[z”]
—sslp, (2" — to) + lim[to] = sslp, (" — to) + lim[to]
1 ~ 2

/

which contradicts that z” < 2.
_'

case s &~ 0 & sslp, # 0.

case s % 0 & sslp # 0:

Thus L[tg] = T. In this case we need to show that there is always some x such that
[to + £, 2] is a solution interval.

We case spit on lim[to]:

case lim[to] > 0 & sslp, > 0:

Consider any 2’/ € (tp,u]. We know that ' — ¢ty > 0 and sslp, > 0, thus we know that
sslp, (2’ — tg) > 0, thus s[z'] & sslp,(z’ — tg) + lim,[to] > 0. This means that [ty + ¢, u] is
a solution interval.

_|

case lim_[tg] > 0 & sslp, > 0.

case lim[tg] > 0 & sslp, < 0:

Observe that

|ims[t0]

lim,[to] > 0 <= tg —
sslp,

zero(to)

Let x € (to, min(u,zero,(tg))). Consider any z’ € (to, xz]. We have

x’ < zero,(tg)

lim [t
=z <ty — im, [fo]
sslp,
<=sslp,(z' —to) + lim[to] > 0
—s[z'] >0 by Lem. 4

Thus [t + €, ] is a solution interval.
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4|
case lim_[tg] > 0 & sslp, < 0.
case lim[ty] < 0 & sslp, < 0:
This can be done analogous to the case where limg, > 0 & sslp > 0.
_|
case lim_[to] < 0 & sslp, < 0.
case lim[to] < 0 & sslp, > 0:
This can be done analogous to the case where lim, > 0 & sslp < 0.
_|

case lim_[tg] < 0 & sslp, > 0.

case lim[tg] = 0:

Let ' € (tp,u]. Then we have sslp,(z’ — to) +lim[to] % 0. This means [to + £,u] is a
—_———

——
%0 ~0
solution interval.
4|
case lim_[to] =~ 0.
case s % 0 & sslp # 0.
base case t =ty + € where tg is a plain virtual term.

base case t =ty — oo

Then slnter(—oo,z,¢) = Va/(z/ < x — ¢[a']), which means by Periodic Literal Induction
(Lem. 15) that all periodic liteals of ¢ must be constant true for any value. Further by
Limit Value (Lem. 6) all aperiodic literals L must have a truth limit lim;°° = T. Therefore
@[[to — oo] must hold.

_|
base case t = tg — oco.
base case t =ty + oo
Then sInter(—oo, z, ¢) = L, thus this can never be the case.
4|
base case t = tg + oo.

case t = tg + pZ:

Then slnter(tg + pZ,z,¢) = Iz € Z.sInter(to + pz, ¢) We case split along the definition of
virtual substitution Def. 9. Let P and A be the periodic and aperiodic literals of ¢ as in the
defintion. Let tg =t/ + ee.

case V1VL € A.IimfOO =T:

Suppose sinter(t' +ec+pz, x, ¢) for some z € Z. Then sinter(t' +ec+pz, x, \ P) holds as well.
Thus there is some 2z’ € Z such that ¢/ +pz+Az’ € [t/,#'+)). Further as the truth value of all
peridoic literals repeats Lem. 5 for A, it must be the case that sinter(t'+ec+pz+Az', z, A\ P)
holds. As % € Z, we know that pz + A2’ = pz” for some z € Z. Thus as by Lem. 3 all such

values t’ + pz’ are in finf, we can reason in the base cases before to get that for some

+pZ>
t" e ﬁnf’-‘:—pz we have A\, _p L[t" + ec] which implies that A p L[t"” + ee & oo] which in
turn means due to the condition V1 that A, L[t" 4 ec & oc]. Thus @[ty + pZ] holds.
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4|

case V1.VL € ;HimlL © =T.

case V2dL € A L=u=~0:

If for some z € Z we have sinter(t' + ec + pz,x,¢), then as Iimfg% = 1, by Lem. 6 it
must be the case that the solution interval [t' + ee + pz,z| is within the core interval
I = [distX}, g, distX] ], which means 2 € I and #' + pz € I. As by Lem. 3 all such ¢’ 4 pz

are covered by ﬁnfiﬂ,Z we can reason as in the base cases before to get \/,,, o[t" +ec].
Z
Thus ¢[to + pZ] holds.

P
Eflnt,+p

4|
case V23dL e A L=u=0
case V3.otherwise:
If for some z € Z we have sinter(t'+ec+pz, z, ), then there are the following cases:
case t' + pz € [distX}, distX}] for some L € A with lim;>* = 1 :
Then we can reason as in the case V2.
_|

case t’' + pz € [distX} , distX[] for some L € A with lim > = 1 .

case otherwise:

Then by Lem. 6 # + pz must be in (distX},00) for every L € A with lim;> = L. Note
that there must be at least one such L because the opposite was covered by V1. Let
distX™ be the maximal of all these distX}. Thus ¢’ + pz € (distX™, 00). Hence, we have
t'+pz4+A2’ € (distXT, distX T+ )] for some 2’ € Z. All aperiodic literals are true ¢/ +pz+\z’
as it is in (distX™, 00). As all aperiodic literals’ truth values repeat Lem. 5 at a period of
A, we also have that they all hold for ¢’ + pz + A\z’. This means ¢’ + pz + Az’ ~ t' + pz”
for some 2" € Z. All such t' + pz” are covered by finf, L,z thus we can again reason as in
the base cases to get that \/,, i o[t' + ee + pZ] which means that ¢[to + pZ] holds.
p

_|

case otherwise.

.
Gflnt,+

case V3.otherwise.

case t = tg + pZ.
O
Lemma 19. Let t be some virtual term, and ¢ be a conjunction of LIRA-literals.
R E ¢[t] — Fz.¢
Proof. We reason in an arbitrary R-interpretation Z and case split on .
case t = tj is a plain virtual term :
Then the implication obviously holds.
_|
case t = tp is a plain virtual term .

case t = tg + € where t; is a plain virtual term :
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Then ¢[t] holds for every literal L. Let L be any of these literals. We will show that L is true
for all values in some non-empty interval (¢g,xy]. If this is the case then obviously ¢ will be
true (to, min{xy, | L € ¢}], which measn that the lemma holds.

For this let us first show the properties Py, and Ps:

lemma P;:

lim,[to] > 0 & sslp, > 0 = Jxp,.Vz € (to,xL].s[x] >0 (P1)

Consider the interval (to,b"), where b* = min{b € breaks;° | ty < b™}, and any = € (to,b™").

lim,[to] > 0
= lim[to] + sslp,(z — o) >0
= s[z] >0 N by Piecewise Linearity (Lem. 4)

Hence we can choose any value in (tg, b") for xp,.
_|

lemma P;.

lemma Ps:

lim,[to] > 0 & sslp, < 0 = Jzp.Vz € (tg,zL].s[z] >0 (P2)

Consider the intervals (to,zero,(to)], and (tg,b"), where b+ = min{b € breaks;° | tqg < b™},
and any x € (to,b"). The interval (to, zero,(t)] is non-empty:

|i|‘l"lS [to]
sslp

> (0 <— to — 7“?;[&0]

limg[tg] > 0 <= — >t

zero(to)

Thus let 2, be any value in the intersection of the two intervals. For any value = € (¢o, L)
we get

zero_(to)

lim_[to]
sslp,

r <tyg—
< sslp, - (x — to) + lim[to] >0
<~ s[z] >0 by Piecewise Linearity (Lem. 4)
_|

lemma Ps.

Thus let us now case split on L:
case 500 & sslp, = 0:
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Consider the interval (o, b"), where b* = min{b € breaks;° | ty < b™}, and any = € (o, b™").

L[to+e]
———
|ims[t0] o0
= lim[to] + sslp,(z — to) <0

= s[x] 00 ~0 by Piecewise Linearity (Lem. 4)

Hence we can choose any value in (tg, ") for xp,.

_'
case s 00 & sslp, = 0.
case s 2 0:
case sslp, > 0:
Then L[ty + €] = lim[to] > 0, thus we can use P, to get (to,zL).
_|

case sslp, > 0.

case sslp, < 0:

Then L[to + €] = lim[tg] > 0, thus we can use P, to get (to,zr).
4|

case sslp, < 0.

case s 2> 0.

case s ~ 0:

Then it must be the case that sslp, = 0, thus we already handled this case.

case s % 0:

We know that sslp, # 0. Thus there are 4 cases in which we can use P, and P» to find the
right interval (to, z]:

e if sslp, < 0 & lim[tg] > 0 we use P
o if sslp, < 0 & —lim,[tg] > 0 we use P
e if sslp, > 0 & lim,[tg] > 0 we use P,
o if sslp, > 0 & —lim,[tg] > 0 we use P»
_|

case s % 0.

case t = tg + € where t(y is a plain virtual term .

case t = tg — o0z

If @[t — oo] holds then by Virtual Substitution (Def. 9) for all aperiodic literals A of ¢ it must
be the case that lim;°° = T. Further for every periodic literals P we know that P[¢] holds.
Thus by the previous cases of this lemma we know that there is some value x( such that all
periodic literals hold for xy. Let distX™ be the minimum of all distX}; of all aperiodic literals
A. Choose some z such that g + Az < distX™. All aperiodic literals are true zg + A due to
Limit Value (Lem. 6), and all peridic literals will be true due to Periodic Literals (Lem. 5).
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4|
case t = tg — oo.
case t = tg + ooz
Can be proven in the same way as the case where t = ¢ty — co.
4|
case t = tg + oo.

case t = tg + pZ:

If ¢[[to + pZ] holds, then ¢[s + ec] holds for some s € fin;“er Z. Thus we can reason as in the
base cases of this lemma we get that ¢ holds for some .
_|

case t = tg + pZ.

O

Lemma 20 (Solution Interval Intersection). Let x be a variable, s,t be virtual terms, and ¢, )
be formulas, and Z be an R-interpretation. If [s,z] is a solution interval of ¢, and [t,x] is a
solution interval of ¥, with respect to T then either of the two is a solution interval of ¢ N .
More formally:

R = sinter(s, z, ¢) A sinter(t, z, ¢) — slnter(s, x,p A1) V snter(t, z, ¢ A )
Proof. This can be easily seen by just unfolding definitions. O

Theorem 1 (Quantifier Elimination; repeated). Let ¢ be a non-empty conjunction of LIRA-

literals.
REJge \/ ol

t€elim(¢)

Proof. We reason in an arbitrary R-interpretation Z. Suppose Z |= ¢. Then Z |= L every L € ¢.
From Lem. 17 we get terms vy, such that sInter(vy,, z, L). By lemma Lem. 20 we get some v sch
that sInter(v, z, ¢). Thus by Lem. 18 we know that ¢[z / v] holds.

Now suppose that ¢[t] holds for some t € elim(¢). Then by Lem. 19 we know that Jz.¢
holds. O

Lemma 7 (repeated). Let ¢ be a conjunction of literals and v be a virtual term with Z(v) = 0.
Our function lemmagy satisfies the following properties:

1. =¢[z ) v] = Vz(p — lemmagy(z £ v)). (soundness)
2. —lemmay[x / v]. (completeness)

Proof. We first show soundness: In the following let s, ¢ be terms. We case split on v % 0, along
the defintion of lemmagy Def. 12.
case t % 0:

Then lemmay(v % 0) = = % ¢. In this case the lemma obviously follows, as ¢[z/v]
3u(@lz] A~ v).
4|

case t % 0.
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case s+¢ % 0

Then lemmag(v 3 0) = ﬁinFaIseIntervalfﬁ (). Assume —¢[s + ¢]. To proof the lemma need
now show that for any x if inFaIseIntervaIerE(x) holds, then ¢[z] is false.

Let z be arbitrary, such that inFaIseIntervaIf+E (x) holds. As ¢[s + €] is false there must be
some literal L =t o0 of ¢ such that L[s + €] is false.

case breaks = () Asslp = 0:

Then the value of ¢ is constant wrt. z, hence L is false for any =x.
_|

case breaks = () Asslp = 0.

case breaks = ()

As breaks = () by Lem. 11 we know that ¢ is a linear function with zero zero(()0).
We case split on t ¢ 0.
case ¢t ~ 0:

The only value where ¢ ~ 0 can be true is zero(0), and zero(0) is in nxt,s + &. Thus we
know by the defintion of inFalselnterval , (z) that either x < zero(0) or zero(0) <t < =,
thus t =~ 0 is false for any such x.

case t =~ 0.

case t # 0:

This cannot be the case as then L[s +¢]] = T, thus it cannot be false as assumed before.
_|

case t % 0.

case t > 0 & sslp > 0:

Then we got —=L[s + ¢] = lim[t] < 0 = s[t] < 0.

We have zero(0) + € in nxt, (s + €), and therefore by the defintion of the false interval
we know that there are two cases:

case —(t + ¢ < zero(0) + ¢):

If we expand the defintions this means that ¢ > zero(0), Which means t[s] > 0, which

contradicts the assumption that —~L[s + ].
_|

case —(t + e < zero(0) + ¢).

case = < zero(0) + e:

If we expand the defintions this means that z < zero(0). As t is a linear term this
obviously means that ¢ > 0 will be false for ¢.
_|

case z < zero(0) + e.

case t > 0 & sslp > 0.

case t > 0 & sslp > 0:

Then we got —L[s + €] = lim[t] < 0 = s[t] < 0.
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We have zero(0) in nxttho(s + ¢), and therefore by the defintion of the false interval we
know that there are two cases:
case —(t+ ¢ < zero(0)):

If we expand the defintions this means that ¢ > zero(0), Which means ¢[s] > 0, which
contradicts the assumption that —~L[s + ¢].
4|

case —(t + e < zero(0)).

case x < zero(0):

If we expand the defintions this means that © < zero(0). As ¢ is a linear term this
obviously means that ¢ > 0 will be false for ¢.
_|

case = < zero(0).

case t > 0 & sslp > 0.

case t 2 0 & sslp < 0:

Then we got —~L[s + ¢] = lim[t] < 0= s[t] <O0.
In order for s[t] < 0 to be true it must be the case that zero(0) < ¢, thus as t < x we have
s[z] <0 as well.

case t 2 0 & sslp < 0.

case breaks = ().

case breaks # (:

Let b € breaks™ be the least discontinuity greater than s. It is easy to see that it must be
the case that b € nextBreak(s). By Piecewise Linearity (Lem. 4) we know that within the
interval (s,b), is equal to a linear function ¢[x] & sslp(z — s) + lim,[s].

case sslp = 0:

We have b € nxt/,(s + ¢), and s < b, thus by the defintion of the false interval we know
that s < & < b, hence as = L[s + ¢/ =]-(lim,[s] ¢ 0), and t[z] = sslp(z — s) +lim,[s] we
0
know that L does not hold for x.
4|

case sslp = 0.

case sslp # 0:

We case split on £ ¢ 0.
case t = (:

Then we have =L[s + €] = T, and zero(s),b € nxt/} (s + ¢).
case s < zero(s):

Then by the definition of the false interval we have that x < zero(s), thus as t is a
line segment in (s,b) and x € (s,b), L does not hold for x.
_|

case s < zero(s).

case zero(s) < s:
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As s < x this means that as ¢ is a line segment in (s,b) that L cannot hold for z.
_|

case zero(s) < s.

case t =~ 0.

case t % 0:
Then we have =L[s + ¢] = L. This means this case is not reachable.

case t % 0.

case t > 0 & sslp > 0:

Then we have =L[s + €] = lim,[s] < 0, and zero(s),b € nxt/[,(s + ¢).
case s < zero(s):

Then by the definition of the false interval we have that x < zero(s), thus as ¢ is a
line segment with positive slope in (s,b) and x € (s,b), L does not hold for .
_|

case s < zero(s).

case zero(s) < s:

This case is unreachable as we established lim,[s] < 0.
4|

case zero(s) < s.

case t > 0 & sslp > 0.

case t > 0 & sslp > 0:

Then we have =L[s + €] = lim,[s] < 0, and zero(s) + &, b € nxt/[,(s + €).
case s < zero(s):

Then by the definition of the false interval we have that = < zero(s), thus as ¢ is a
line segment with positive slope in (s,b) and x € (s,b), L does not hold for z.
_|

case s < zero(s).

case zero(s) < s:

This case is unreachable as we established lim,[s] < 0.
_|

case zero(s) < s.

case t > 0 & sslp > 0.

case t 2 0 & sslp < 0:

Then we have =L[s + €] = lim,[s] <0 and b € nxt/,(s + ¢).
As lim,[s] <0, and sslp < 0, L must be false for all z € (s,b).
4|

case t > 0 & sslp < 0.

case sslp # 0.

case breaks # ().
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As L is false for any z such that inFaIseInterva|f+E(x) so will be ¢. Thus the lemma holds.
_|

case s + ¢ % 0.

case t +ec+00 %0 & lim{ > = L for some L € A :

Then lemmag(v % 0) = x < distX] Let @ be arbitrary such that —lemmag(v % 0) <=
distX] < z holds for 2. By Lem. 6 we know that L[z] does not hold, thus ¢[x] does not hold

either.
4|
case t +ec +o00 ¥ 0 & Iimf“‘ = 1 for some L € A .
case t +ec —o00o# 0 & lim;> = L for some L € A :
Can be shown analgous to the case before.
_|
case t +ec — o0 Z0& IimfX = 1 for some L € A .

case t £oo % 0& Vi € Alimf™ =lim;* =T:

Then lemmag(v % 0) = remy(z) 5% remy(t) Assume —¢[t £ oco]. As all aperiodic literals L,
have IimjL[:O = T, there must be some periodic literal L that is false. Thus by the defintion the
virtual substitution we must have that ~L[t]. Assume remy(x) % remy(t) = x — Aquot, (z) =
t — Aquot, (¢) which means x ~ ¢t 4+ zA. As the truth value of X repeats periodically Lem. 5,
this means that L does not hold at x, thus ¢ does not do so either.

4|

A0 &V e Alimtee — [im—o —
case t £ 0o 0 & Vi € Alim[ ™ =1lim >~ =T.

case t +e+ 00 0& Vi€ Alimf™ =1lim;* =T:

Then lemmag(v % 0) = ﬁinFaIseIntervaIf+A(quotA(m)7quotA(t))JrE(x). Assume —¢[t 4+ & + o0].
As all aperiodic literals L, have IimffO = T, there must be some periodic literal L that is
false. Thus we must have that —L[t + €], and as L is periodic by Lem. 5 we know that
L[t + A(quoty (z) — quot, (t)) + €] also holds.

Assume inFalselnterval? (z). We can reason as in the case before v % 0 =

t+A(quot, (x)—quot, (t))+¢€
t+ ¢ % 0, to obtain that L does not hold for z.

_|
case t + e+ oo #0&VieE .—\.Iim,‘ C =1lim > =T.
Now that we have shown soundness let us show completeness:
case t % 0:
Then lemmag(v % 0) = x 3% ¢. It is obviously the case that —(x % t)[¢].
_|
case t % 0.

case s+ ¢ # 0:

Then lemmagy (v % 0) = —|inFaIse|ntervaI5+€(x). This holds as the first literal ofinFaIseIntervaIere(a:) =
s < x, which obviously holds for s +e&. All other conjuncts are of the shape s+e<e — x <e.

Thus the gaurd makes sure that these conjuncts will hold for s + €.
_|

case s + e % 0.

case t +ec+ 002 0&limf> = 1 for some L € A :
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This case obviously holds by straight unfolding the defintions.

_|
case t +ec+ 00 % 0& Hm?r'\ = 1 for some L € A .
case t +ec — 00 #£ 0 & lim;°° = L for some L € A :
This case obviously holds by straight unfolding the defintions.
_|

case t + ee — 00 % 0 & lim > = | for some L € A .

case t £oo % 0 & Vi € Alimf™ =lim;* =T:

Then lemmag (v % 0) = remy(x) % remy(t) =: lem. As lem is periodic, by defintion lem[t £
oo]] = lem[t]. Therefore obviously —lem/[t] holds.
_|

! e A limtoo =00 _
case t £ 00 £ 0& Vi € Alim[ ™ =1lim >~ =T.

case t +e+ 00 £ 0& Vi€ Alimf>® =Iim,* =T:

Then lemmag(v % 0) = —\inFaIselntervaIﬁk(quotk(m)fquotk(t))ﬁ(x) = lem.

This holds as the first literal of inFaIseIntervaIfH\(quotk(I)fquotk(t))%(aﬁ) = t + A(quot, (z) —
quot, (t)) < x, which obviously holds for ¢ 4+ . All other conjuncts are of the shape ¢ +
A(quoty (z) — quoty (t)) + e <e — x < e. Thus the gaurd makes sure that these conjuncts will
hold for ¢ + . Thus we know that lem[t + €] is false. Further notice that all the literals in
the lem are periodic, hence we get lem[t + €] = lem[t + € &+ o0] is false.

_|

case t+eF+ oo 0& Vi e ;Llimf“ =lim >~ =T.

O

Lemma 8 (repeated). For any state (F,S,L), (F,S | x+1 < L, L), or (F,S | xg4+1 <7, L),
where S = (x1 < (t1,J1) | ... | zp < {te, Ji))

k
R = V(F/S) = V(F — \/ lemmap (x; # t;))

=1

Proof. Apply induction on k, and use Lem. 7.1. O
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