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Several pairs of results in classical topology like those in Table [I| characterizing the concepts
of normality and extremal disconnectedness show a remarkable duality between the two con-
cepts. Nevertheless the known proofs of the results in each pair are quite different in nature,
requiring even in some cases different approaches and tools.

Space X NORMAL EXTREMALLY DISCONNECTED
Urysohn’s Every two disjoint CLOSED Every two disjoint OPEN subsets
separation type subsets of X are completely of X are completely separated
lemma separated (Urysohn 1925). (Gillman & Jerison 1960).

Tietze’s extension
type lemma

Each CLOSED subset of X is
C*-embedded (Tietze 1915).

Each OPEN subset of X is
C*-embedded (Gillman & Jerison
1960).

Katétov-Tong
insertion type
theorem

For every UPPER semicontinuous
real function f and LOWER sem-
icontinuous real function ¢ satis-
fying f < g, there exists a con-
tinuous real function h such that
f < h < g (Katétov 1951, Tong
1952).

For every LOWER semicontinuous
real function f and UPPER sem-
icontinuous real function ¢ satis-
fying f < g, there exists a con-
tinuous real function h such that
f < h < g (Stone 1949, Lane
1975).

Table 1: Characterizations of normal and extremally disconnected spaces

Our recent work in the more general pointfree setting [2 [Bl 4] reveals a similar picture,
summarized in Table 2

This shapes the idea that the two notions are somehow dual to each other and therefore
may be studied in parallel; hopefully, one may even find “dual” proofs for each pair of results.
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Locale L NORMAL EXTREMALLY DISCONNECTED
Urysohn'’s Every two disjoint CLOSED Every two disjoint OPEN

separation type sublocales of L are completely sublocales of L are completely
lemma separated. separated.

Tietze's extension  Each CLOSED sublocale of L is Each OPEN sublocale of L is

type lemma C*-embedded. C*-embedded.

Katétov-Tong For every UPPER semicontinuous For every LOWER semicontinuous
insertion type real function f and LOWER sem- real function f and UPPER sem-
theorem icontinuous real function g satis- icontinuous real function g satis-

fying f < g, there exists a con- fying f < g, there exists a con-
tinuous real function h such that tinuous real function A such that
f<h<g. f<h<g.

Table 2: Characterizations of normal and extremally disconnected locales

It is our aim in this talk to discuss this parallel. We will present some results of our recent
preprint [5] that provide positive answers to the following questions:

(1) There is a great variety of classical insertion type results (for several variants of normality).
Can one unify them under a single general result?

(2) The proofs of the results in each pair are very different in nature. Can one unify them
under the same result with a single proof?

We address these questions in the pointfree setting, that is, in the category of locales and
localic maps (and its opposite category of frames and frame homomorphisms, objects of study
of pointfree topology). For that we need to recall that sublocale lattices are more complicated
than their topological counterparts (complete atomic Boolean algebras): they are precisely
co-frames (i.e., the dual lattice of a frame).

Given a locale (frame) L, we denote by S(L) the dual of its sublocale lattice, which is a
frame. In spite of being no longer a Boolean algebra, there are still plenty of complemented
elements, among them the so-called closed sublocales c(a) and the open sublocales o(a) (for each
a € L), complemented to each other. Furthermore, the map a — ¢(a) is a frame embedding
L — S(L) providing an isomorphism ¢: L — ¢(L) between L and the subframe ¢(L) of S(L) of
all closed sublocales. On the other hand, denoting by o(L) the sublattice of S(L) formed by all
o(a), the correspondence a — o0(a) establishes a dual lattice embedding L — o(L).

Recall that a frame L is normal if ¢ V b = 1 implies the existence of u,v € L such that
uAv=0and aVu=1=>bVwo. This is a conservative extension of the classical notion: a space
X is normal iff the frame OX of open sets is normal. Using isomorphism ¢, this means that:

c(a)Ved)=1=Fu,v e L: c(u) Ac(v) =0 and c(a) Vc(u) =1 =c(d) Vc(v).

On the other hand, a frame L is extremally disconnected (also De Morgan) if it is a Stone
algebra, that is, a* V a** = 1 for every a € L. (Again, we observe that this notion is in accor-
dance with the corresponding classical one for a topological space X: a space X is extremally
disconnected iff OX is extremally disconnected.) It can be easily shown that this is equivalent

172



Variants of normality and their duals J. Gutiérrez Garcia and J. Picado

to
c(a)Ae(d) =0=Fu,ve L: c(u) Vc(v) =1and c(a) Ac(u) =0=c(b) Ac(v),

which shows that normality and extremal disconnectedness notions are indeed dual to each
otherﬂ The following is also obvious: L is normal (resp. extremally disconnected) iff ¢(L) is
normal (resp. extremally disconnected) iff o(L) is extremally disconnected (resp. normal).

Now, let B(S(L)) denote the Boolean part of S(L) (that is, the Boolean algebra of comple-
mented elements of S(L)). Fix an &/ C B(S(L)) and let &/ denote the corresponding set of
complements. Inspired by the definitions above, we introduce dual relative notions of normality
and extremal disconnectedness, depending on the parameter .o7:

Definition. A frame L is &/ -normal if

for any A, B € & such that AV B = 1 there are U,V € & such that UAV =0
and AvU=1=BVYV.

Dually, we say that L is o -disconnected if it is «/“-normal, that is, if

for any A, B € &« such that A A B = 0 there are U,V € & such that UVV =1
and ANU=0=BAV.

By varying the choice of o7, we reach a wide array of examples. For example, classe&ﬂ

o = ¢(L), oty ={c(a*) | a € L}, o3 = {c(a) | a € Coz L},
oy = B(S(L)), % ={c(a)|ais d-regular}

lead to the following notionsﬂ

&/ «/-normal frames «/-disconnected frames

</, mnormal frames extremally disconnected frames
o7y mildly normal frames extremally disconnected frames
ofs  frames F-frames

oy frames frames

o5 d-normal frames extremally d-disconnected frames

Definition. We say that a real-valued function f: £(R) — S(L) on L is lower & -semicon-
tinuous (resp. upper & -semicontinuous) if for each p < ¢ in Q there exists F, , € &/ such
that

f(@,=) € Fpq < f(p,—)  (resp. f(—p) < Fpq < f(—4q)).
Then f is o -continuous if it is both lower and upper .&/-semicontinuous. Again, these defini-

tions bring to pointfree topology and unify several fundamental classical types of semicontinu-
ities and continuities [Baire 1899, Dilworth 1950, Stone 1949, Lane 1983):

1They are also formulable in any lattice and so one may speak more generally about normal and extremally
disconnected lattices; evidently, a lattice is normal iff its dual lattice is extremally disconnected.

2Note that @/, o3, 4 and o/ are clearly sublattices of B(S(L)) while 4% is only closed under finite meets.

31In case L is OX for some space X, since every complemented sublocale of a space is a subspace, these notions
are completely formulated in terms of the space X (with no reference to sublocales) and provide a unification of
several fundamental variants of normal and disconnected topological spaces in the literature [Blatter & Seever
1972, Dilworth 1950, Katétov 1951, Lane 1975, 1979, 1983, Mack 1970, Seever 1968, Singal & Singal 1973, Tong
1952, etc.].
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o/ lower .¢/-semicontinuous upper .¢/-semicontinuous .o/ -continuous
<7, lower semicontinuous upper semicontinuous continuous

75 mnormal lower semicontinuous normal upper semicontinuous  normal continuous
73 zero lower semicontinuous zero upper semicontinuous zero continuous
oy C(B(S(L))) C(B(S(L))) C(B(S(L)))

5 regular lower semicontinuous regular upper semicontinuous  regular continuous

Further, we say that two sublocales S and T of L are completely of -separated if there is an
&/-continuous function f such that f(0,—) < S and f(—,1) <T.

A central tool for the proofs is a Katétov relation on S(L). Recall that a binary relation € on
a lattice M is a Katétov relation [1] if it satisfies the following conditions for all a,b,a’, ' € M:

Kl) aeéb=a<b.
K2) d <aceb<b =d eb.
K4) aebanda €' = a € (bAD).

Kb

(K1)

(K2)

(K3) aebandd €b= (aVd)Ed.
(K4)

(K5) aeb=3dce M:aEcEHD.

Given a fixed o/ C B(S(L)), the relation €., on S(L) defined by
SEyT=Wed,Ved:S<VLULT

satisfies properties (K1) and (K2) and it is interpolative (i.e. satisfies (K5)) iff L is &/-normal.

We say that o/ is a Katétov class in L whenever €. also satisfies conditions (K3) and (K4).

Therefore, each Katétov class & in any .&/-normal frame induces a Katétov relation €.
Examples of Katétov classes are:

e Any sublattice of B(S(L)) (such as 7, <73, <7 and o).
e Any of C B(S(L)), like o, closed under binary joins and satisfying
U, Used, UUNUy 2V e = AU e : Uy ANU;>U >V.
In this case, if L is &/“-normal then 7€ is also a Katétov class.

Our main result characterizes /-normal locales and generalizes the characterizations in
Table 21

Theorem. [RELATIVE VERSION OF KATETOV-TONG INSERTION THEOREM]
Let o C B(S(L)) be a Katétov class. The following are equivalent:

(i) L is o/ -normal.

(ii) If f < g are real functions on L such that f is upper and g is lower of -semicontinuous,
then there exists an <f -continuous real function h on L such that f < h < g.

(iil) Every S,T € of satisfying SV T =1 are completely <7 -separated.
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Then the dual result for «7-disconnectedness corresponds to the result for the class &7 of
complements of elements of & and is therefore obtained with no extra cost:

Corollary. [RELATIVE VERSION OF STONE INSERTION THEOREM]
Let o C B(S(L)) be such that </ is a Katétov class. The following are equivalent:

(i) L is o -disconnected.

(ii) If g < f are real functions on L such that f is upper and g is lower <7 -semicontinuous,
then there exists an < -continuous real function h on L such that g < h < f.

(iil) Every S,T € of satisfying S AT = 0 are completely <7 -separated.

This approach extends and unifies the most relevant classical insertion results [Blatter &
Seever 1972, Katétov 1951, Tong 1952, Lane 1979, Stone 1949, etc.].

We will also discuss the conditions for .7 under which a relative version of Tietze’s extension
lemma holds (for that we need first to relativize the notion of an extension of a real function on
a sublocale to the whole locale): we say that a Katétov class & of a locale L is a Tietze class
whenever

(T1) & is closed under finite meets, and (T2) & is closed under countable joins.

(Each of the guiding examples &7, o3 and % is a Tietze class.)

Theorem. [RELATIVE VERSION OF TIETZE’S EXTENSION LEMMA]
Let o/ be a Tietze class of L. Then L is 7 -normal iff every S € &/ is C%,-embedded in L.

Once again the dual result for extremal .¢7-disconnectedness follows immediately by com-
plementation:

Corollary. [RELATIVE VERSION OF STONE’S EXTENSION LEMMA]
Let o7 C B(S(L)) be such that /€ is a Tietze class. Then L is of -disconnected iff every S € of ©
is C7,-embedded in L.

If time permits, we will also present the conditions for .7 under which a relative version for
the preservation of normality under localic maps holds. This extends the Hausdorff mapping
invariance type theorems of Table |1 to the pointfree setting, thus completing Table
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